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In this paper, we established the existence of a primitive normal
polynomial over any ﬁnite ﬁeld with any speciﬁed coeﬃcient
arbitrarily prescribed. Let n  15 be a positive integer and q
a prime power. We prove that for any a ∈ Fq and any 1m < n,
there exists a primitive normal polynomial f (x) = xn − σ1xn−1 +
· · · + (−1)n−1σn−1x + (−1)nσn such that σm = a, with the only
exceptions σ1 = 0. The theory can be extended to polynomials of
smaller degree too.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let Fqn be a ﬁnite degree extension over ﬁnite ﬁeld Fq with q = pk elements where p is a prime
number and k a positive integer. It is known that every generator of F ∗qn = Fqn \ {0}, which is a mul-
tiplicative cyclic group, is called a primitive element. On the other hand, Fqn can also be viewed as
a vector space of dimension n over Fq . An element α ∈ Fqn is called normal if {α,αq, . . . ,αqn−1 } forms
a set of Fq-basis of Fqn . α is called a primitive normal element if it is both primitive and normal. Let
f (x) be a monic polynomial over Fq . f (x) is called a primitive normal (primitive, normal) polynomial if
it is the minimal polynomial of a primitive normal (primitive, normal) element.
Let f (x) = xn − σ1xn−1 + · · · + (−1)nσn . For 1 i  n, we call σi the ith coeﬃcient of f (x). Espe-
cially, σ1 and σn are called the trace and norm of f (x) respectively.
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with one or multiple coeﬃcients prescribed was widely studied. In 1992, Hansen and Mullen [12] pro-
posed the following conjecture on the existence of a primitive polynomial of degree n over Fq with
an arbitrary coeﬃcient prescribed.
Conjecture 1.1 (Hansen and Mullen). Let a ∈ Fq and n  2 be a positive integer. For any integer 1 m < n,
there exists a primitive polynomial f (x) = xn − σ1xn−1 + · · · + (−1)nσn of degree n with σm = a except for
(q,n,m,a) = (q,2,1,0), (4,3,1,0), (4,3,2,0), (2,4,2,1).
Many people worked on the Hansen–Mullen conjecture. By introducing the p-adic method, Fan
and Han [7] showed that the Hansen–Mullen conjecture is true asymptotically with the only possible
exceptions m = n2 or m = n+12 . They also proved that for n 7, it is true for even prime power q and
odd n in [8]. In 2006, Cohen [2] ﬁnally got the following theorem.
Theorem 1.2 (Cohen). (See [2].) Assume that n 9. Then the Hansen–Mullen conjecture holds.
In 2008, the above results are extended to all n 2 [6].
Because of the many applications such as fast Fourier transformation, coding theory and cryptogra-
phy for doing computations eﬃciently in ﬁnite ﬁelds, primitive normal elements and primitive normal
polynomials over ﬁnite ﬁelds were widely discussed [3–5,11,10,16,14]. The existence of primitive normal
basis for every prime power q and every positive integer n was showed by Lenstra and Schoof [14]
in 1987. Naturally, we want to know whether there exists a primitive normal polynomial with an
arbitrary coeﬃcient prescribed. Notice that the trace of a normal polynomial cannot be zero.
For any positive integer 2 n  14, 1m < n, any prime power 2 q  100 and any a ∈ Fq , we
checked that with the only exceptions listed in Eq. (1.1), there exists a primitive normal polynomial
f (x) = xn − σ1xn−1 + · · · + (−1)nσn over Fq such that σm = a (σ1 = 0). Based on the above, we pro-
pose the following conjecture about the existence of a primitive normal polynomial with an arbitrary
coeﬃcient prescribed, which can be viewed as a generalization of the Hansen–Mullen conjecture on
primitive polynomial.
Conjecture 1.3. Let n 2 be a positive integer and a ∈ Fq. For any integer 1m < n, whether there exists a
primitive normal polynomial f (x) = xn −σ1xn−1 + · · · + (−1)n−1σn−1x+ (−1)nσn of degree n with σm = a
except for
(q,n,m,a) = (q,n,1,0), (2,3,2,1), (2,4,2,1), (2,4,3,1), (2,6,3,1),
(3,4,2,2), (5,3,4,3), (4,3,2,1 + x), (1.1)
where F4 = F2[x]/(x2 + x+ 1) = {0,1, x,1+ x}.
For m = 1, Morgan and Mullen [16] proposed the conjecture of the existence of a primitive normal
polynomial over Fq with the trace σ1 prescribed as any nonzero element in Fq , and it soon was
settled by Cohen and Hachenberger [3] in 1999. For m = 2, it was shown by Fan et al. for n  7
in [11]. By introducing the p-adic method to the case of primitive normal polynomial, Fan et al. [10]
proved that for n 2 and suﬃciently large q, the above conjecture is true for m  n2 .
In this paper, we prove that the above conjecture holds for n  15. The approach we adopted in
this paper can be extended to small n too.
Main result. Assume that n  15. Then Conjecture 1.3 holds, i.e., for any prime power q, any posi-
tive integer 1 m < n and any element a ∈ Fq , there exists a primitive normal polynomial f (x) =
xn − σ1xn−1 + · · · + (−1)n−1σn−1x+ (−1)nσn over Fq with σm = a except for (m,a) = (1,0).
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how Cohen solve the Hansen–Mullen conjecture on primitive polynomial and what diﬃculties arise
when we try to apply the above approach to the case of primitive normal polynomial.
Let f (x) = xn − σ1xn−1 + · · · + (−1)n−1σn−1x+ (−1)nσn be an irreducible polynomial over Fq and
ξ ∈ Fqn a root of f (x). For 1m < n, the existence of a primitive polynomial with the mth coeﬃcient
prescribed can be characterized by at most m2  + 1 conditions, one of which is σ1 = 0. Because the
estimate of character sums over ﬁnite ﬁeld (or Galois rings) of the shape O (qn/2), it can cover most
cases of m, except for these m close to n. On the other hand, as we know, the reciprocal polynomial
of a primitive polynomial is also a primitive polynomial, so the existence of a primitive polynomial
with the mth (m  n2 ) coeﬃcient prescribed can be deduced by the existence of a primitive polyno-
mial with the (n −m)th coeﬃcient and the norm prescribed, which can be characterized by at most
n−m2 +2 conditions. Roughly speaking, for 1m n/2, the existence of a primitive polynomial with
the mth coeﬃcient prescribed needs at most  n4 +1 conditions and for n/2 <m < n, it needs at most n4  + 2 conditions. So the Hansen–Mullen conjecture can be ﬁnally proved for n 9.
Naturally, we want to see whether the above approach can be used to deal with the case of
primitive normal polynomials or not. But we soon encountered the following two diﬃculties.
1. One is that in the primitive normal case, the mth (m  2) coeﬃcient prescribed cannot be char-
acterized by m2  + 1 conditions again. In fact, among all the m2  + 1 conditions in the primitive
polynomial case, the ﬁrst one is σ1 = 0, i.e., the trace of the polynomial is zero. This can never
happen in the primitive normal case.
2. The other is that the reciprocal polynomial of a primitive normal polynomial may not be a prim-
itive normal polynomial. So we cannot show the existence of a primitive normal polynomial with
the mth coeﬃcient prescribed by showing the existence of a primitive normal polynomial with
the (n −m)th coeﬃcient and the norm prescribed.
In this paper, we will show for any 1m < n, the existence of a primitive normal polynomial with
the mth coeﬃcient prescribed can be characterized by at most n3 +2 conditions and so Conjecture 1.3
can be settled for n 15.
Let f (x) = xn − σ1xn−1 + · · · + (−1)n−1σn−1x + (−1)nσn ∈ Fq[x] be a primitive normal polynomial
and ξ be a root of f (x). As we know, σ1 = Tr(ξ) = 0, where Tr(·) is the trace function from Fqn to Fq .
Assume that the reciprocal polynomial f ∗(x) = (−1)nσ−1n xn f ( 1x ) = xn−σ ∗1 xn−1+· · ·+(−1)n−1σ ∗n−1x+
(−1)nσ−1n is not normal, where σ ∗i = σn−iσn for 1  i  n − 1. So ξ−1 is a root of f ∗(x) and we may
have Tr(ξ−1) = 0. Then the existence of a primitive normal polynomial with σm prescribed can be
deduced by σ ∗n−m and σn prescribed, which in return, can be characterized by at most n−m2  + 2
conditions if σ ∗1 = Tr(ξ−1) = 0. This covers most m except those small m. For those small m, the
existence of a primitive normal polynomial with σm prescribed can be characterized by at most m
conditions. Roughly speaking, for 1  m  n3 , the existence of a primitive normal polynomial with
the mth coeﬃcient prescribed can be characterized by at most n3 conditions; and for
n
3 <m < n, the
existence of a primitive normal polynomial with the mth coeﬃcient prescribed can be characterized
by at most n3 + 2 conditions. By introducing some new variations of Cohen’s sieve techniques, we
ﬁnally prove that Conjecture 1.3 holds for n  15. The theory can be extended to polynomials of
smaller degree too.
This paper is arranged as the following. In Section 2 we take the ﬁnite ﬁeld case for example
to illustrate the idea of the problem reduction, i.e., how we translate the existence of a primitive
normal polynomial with the mth coeﬃcient prescribed to the existence of a primitive normal element
solutions of some system of trace or norm equations of x or x−1 when p > n. In Section 3 we use
the p-adic method introduced by the author and Prof. Han to deal with the characteristic diﬃculty
and complete the problem reduction, without any restriction to the characteristic p of ﬁnite ﬁelds.
In Section 4, using the estimates of generalized Kloostermann sums over Galois rings, etc., we get
the conditions which decide whether the number of primitive normal element solutions of the above
system of equations is larger than zero or not. In Section 5, a new variation of the Cohen’s sieve
techniques which acts both on qn − 1 and xn − 1 is introduced to make the computation easier and
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introduced) and some careful computation techniques to deal with the case q > n, the case q  n,
q 16 and the case q < 16 respectively. Finally we conclude the main result in Section 9.
2. Problem reduction: The ﬁnite ﬁeld case
In this section, for simplicity, we take the ﬁnite ﬁeld case for example to illustrate the idea of the
problem reduction. Temporarily we assume that p  n, i.e., assume a restriction on the characteristic p
of the ﬁnite ﬁeld. We will show how the existence of a primitive normal polynomial with the mth
coeﬃcient prescribed can be translated to the existence of a primitive normal element solution of
different system of trace or norm equations of x or x−1. In the next section, we will use the p-adic
method to remove the characteristic restriction and complete the problem reduction process.
Let f (x) = xn − σ1xn−1 + · · · + (−1)nσn be an irreducible polynomial of degree n over Fq , ξ ∈ F ∗qn
be a root of f . Then σ1 = Tr(ξ) and σn = Norm(ξ), where Tr(·), Norm(·) are the trace function and
the norm function from Fqn to Fq respectively. For 1  t  n, set st = Tr(ξ t). In particular, σ1 = s1.
Whenever f (x) is a primitive normal polynomial, then σ1 = 0 and σn is a primitive element over Fq .
Since the existence of a primitive normal polynomial with prescribed trace and prescribed norm has
been established [3–5], in order to investigate Conjecture 1.3, we only need to consider the existence
of a primitive normal polynomial with the mth coeﬃcient prescribed, where 1<m < n.
We ﬁrst give the Newton’s identities for later use.
Newton’s identity. (See [17].) Let f (x) = xn −σ1xn−1+· · ·+ (−1)n−1σn−1x+ (−1)nσn be an irreducible
polynomial over Fq of degree n. Then for 1 l n,
(−1)l−1lσl = sl − σ1sl−1 + · · · + (−1)l−1σl−1s1
holds over Fq .
We next give a suﬃcient condition of the existence of a primitive normal polynomial of degree n
with the mth coeﬃcient prescribed. It is in fact a special case of Theorem 3.17 of [10] which treats
the general p-adic case. However we will prove it in a few word to help the reader to understand
why the characteristic restriction is needed.
Proposition 2.1. Assume that p >m and 1m < n. Suppose that for any given a ∈ Fq, the following system
of equations ⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
Tr(x) = 1,
Tr
(
x2
)= 0,
...
Tr
(
xm−1
)= 0,
Tr
(
xm
)= a
(2.1)
has at least a primitive normal element solution in Fqn . Then there exists a primitive normal polynomial over
Fq of degree n with the mth coeﬃcient prescribed.
Proof. Let ξ ∈ F ∗qn be a primitive normal element solution of Eqs. (2.1) and f (x) = xn −σ1xn−1 + · · ·+
(−1)nσn be its minimal polynomial. Then f (x) is primitive normal. Assume that m < p. Then for any
1  l  m, l has an inverse when it is viewed as an element of Fq . From Newton’s identities, we
can get by induction that σ1, . . . , σm−1 is uniquely determined when s1, . . . , sm−1 is given. So when
sm = Tr(ξm) = a runs across Fq , the left side of the Newton’s identity (−1)m−1mσm runs across Fq .
Since m < p has an inverse, σm runs across Fq too. This ﬁnishes the proof. 
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have an inverse in Fq so we can express σm in terms of s1, . . . , sm . This is why we assume p >m.
From Proposition 2.1, the existence of a primitive normal polynomial with the mth coeﬃcient pre-
scribed needs m conditions. Since the estimates of character sums of shape O (qn/2), it can only
deal with the case m < n2 asymptotically, and it makes those m close to
n
2 computationally delicate
too.
Since the reciprocal polynomial of a primitive normal polynomial may not be a primitive normal
polynomial, we cannot prove the existence of a primitive normal polynomial with the mth coeﬃcient
prescribed by showing the existence of a primitive normal polynomial with the (n −m)th coeﬃcient
and the norm prescribed. We need to consider the case m n/2 and those delicate m, which are less
than but close to n/2.
In [2], Cohen got the following lemma.
Lemma 2.2. (See [2].) Assume that p > m. Set m∗ = m2 . Suppose that for 1  t  m∗ , st = 0, and sm =
(−1)m−1ma. Then σm = a.
Lemma 2.2 shows that the existence of a primitive polynomial with the mth coeﬃcient pre-
scribed only needs m∗ + 1 conditions. This is because that from st = 0 (1 t m∗), we have σt = 0
(1 t m∗). Observe the symmetry of σt and sm−t in the Newton’s identity, i.e.,
(−1)m−1mσm = sm − σ1sm−1 + · · · + σm∗ sm−m∗ + σm∗+1sm−m∗−1 + · · · + (−1)m−1σm−1s1.
Since m −m∗ − 1m∗ , we have (−1)m−1mσm = sm . So σm runs across Fq when sm runs across Fq .
But Lemma 2.2 cannot be applied to the primitive normal polynomial case directly since its ﬁrst
condition is s1 = 0, i.e., Tr(ξ) = 0, which can never happen in the primitive normal case.
Inspired by Lemma 2.2, we get another suﬃcient condition of the existence of a primitive normal
polynomial of degree n with the mth coeﬃcient prescribed which needs n−m2  + 2 conditions.
Proposition 2.3. Assume that 1  m < n and p > n − m. Let b be any primitive element in F ∗q . Set
mˆ∗ = n−m2 . Suppose that for any a ∈ Fq, the following system of equations⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
Tr
(
x−1
)= 0,
Tr
(
x−2
)= 0,
...
Tr
(
x−mˆ∗
)= 0,
Tr
(
x−(n−m)
)= a,
Norm(x) = b
(2.2)
has at least a primitive normal element solution in Fqn . Then there exists a primitive normal polynomial of
degree n with the mth coeﬃcient prescribed. Especially, σm = 0 iff a = 0.
Proof. Let ξ ∈ F ∗qn be a primitive normal element solution of Eqs. (2.2) and f (x) = xn − σ1xn−1 +
· · · + (−1)n−1σn−1x + (−1)nb be its minimal polynomial. So f (x) is a primitive normal polynomial.
Consider the reciprocal polynomial of f (x), i.e.,
f ∗(x) = b−1(−1)nxn f
(
1
x
)
= xn − σ ∗1 xn−1 + · · · + (−1)n−1σ ∗n−1x+ (−1)nb−1,
where σ ∗i =
σn−i
.
b
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Tr(ξ−(n−m)) = a runs across Fq . From Lemma 2.2, σ ∗n−m runs across Fq , i.e., σmb runs across Fq , which
in return, implies σm runs across Fq . This ﬁnishes the proof. 
From Proposition 2.3, the existence of a primitive normal polynomial with the mth coeﬃcient
prescribed can be characterized by n−m2  + 2 conditions. Similarly, since the estimates of character
sums of shape O (qn/2), it can deal with almost all 1m < n except those small m.
Consider the special case σm = 0. In this case, whatever σn is, σ ∗n−m = 0 iff σm = 0, where σm ,
σ ∗n−m is the mth coeﬃcient of f (x) and the (n −m)th coeﬃcient of f ∗(x), the reciprocal polynomial
of f (x) respectively. So the number of constraint conditions can be decreased by 1.
Proposition 2.4. Assume that 1m < n and p > n−m. Let mˆ∗ be deﬁned as above. Suppose that the follow-
ing system of equations
⎧⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩
Tr
(
x−1
)= 0,
Tr
(
x−2
)= 0,
...
Tr
(
x−mˆ∗
)= 0,
Tr
(
x−(n−m)
)= 0
(2.3)
has at least a primitive normal element solution in Fqn . Then there exists a primitive normal polynomial of
degree n with the mth coeﬃcient prescribed as zero.
From Proposition 2.4, the existence of a primitive normal polynomial with the mth coeﬃcient
prescribed as zero can be characterized by n−m2  + 1 constraint conditions.
Combining Propositions 2.1, 2.3 and 2.4, we deduce that σm can be speciﬁed by the following three
cases:
1. Standard Problem: the existence of a primitive normal element solution of Eqs. (2.1).
2. Norm Problem: the existence of a primitive normal element solution of Eqs. (2.2).
3. Zero Problem: the existence of a primitive normal element solution of Eqs. (2.3).
For different 1  m < n and different a, we will choose to consider the standard problem, the
norm problem or the zero problem respectively according to the corresponding number of constraint
conditions, or the estimates of the primitive normal element solutions of Eqs. (2.1)–(2.3).
3. Problem reduction: The p-adic case
In the above section, we have shown how the existence of a primitive normal polynomial with
the mth coeﬃcient prescribed was translated to the existence of a primitive normal element solution
of three different systems of trace or norm equations over ﬁnite ﬁeld when m < p, or n − m < p,
which assume a restriction on the characteristic p. In this section, we will use the p-adic method
introduced by the author and Prof. Han to remove the characteristic restriction and complete the
problem reduction process.
We ﬁrst give some preliminaries on p-adic number ﬁelds and Galois rings. The readers who are
familiar with them can skip this subsection.
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Let p be a prime number and Qp be the completion of Q (the rational ﬁeld) with respect to usual
p-adic metric (more detail see [13]). Let Kk be the unique unramiﬁed extension of Qp of degree k
and Ok be the ring of integers of Kk . Denote the set of the Teichmüller points in Kk by
Γk =
{
ξ ∈ Kk
∣∣ ξ pk = ξ}.
In fact, Ok is a local ring with unique maximal ideal Pk = pOk . For e  1, Galois ring Re,k is deﬁned
by Ok/peOk . Especially, we have Fq ∼= Ok/pOk ∼= Γk when e = 1. In what follows, we will identify the
ﬁnite ﬁelds Fq and Fqn (considered as sets) with Teichmüller sets Γk and Γnk respectively. So when we deal
with the arithmetic over Fq(Fq[x]), we just do the arithmetic over Ok(Ok[x]) module p.
Let e  1 be a positive integer or e = ∞. Any element α ∈ Re,k (Re,k = Ok when e = ∞) can be
written in a unique way as α =∑e−1i=0 ai pi , where ai ∈ Γk . Deﬁne the canonical projective map φ from
Re,k to Γk by φ(α) = a0.
Let n 1 be an integer and τk the Frobenius map of Re,nk over Re,k given by
τk(z) =
e−1∑
i=0
ap
k
i p
i
for z =∑e−1i=0 ai pi ∈ Re,nk , where ai ∈ Γnk . As we know, τk is the generator of the Galois group of Re,nk
over Re,k which is a cyclic group of order n. The trace map Tre,nk,k(·) : Re,nk → Re,k is deﬁned via
Tre,nk,k(x) = x+ τk(x) + · · · + τn−1k (x)
for x ∈ Re,nk . For simplicity, we abbreviate Tre,nk,k to Tr for simplicity without confusion.
For any x ∈ Γnk , deﬁne the norm map Norm(·) from Γnk to Γk as
Norm(x) = x · xq · · · · · xqn−1 = x q
n−1
q−1 .
3.2. Lifted primitive normal polynomial over Galois rings
In this subsection, we will give a deﬁnition of lifted primitive normal polynomials over Galois rings
(or p-adic number ﬁeld) which are one to one correspondence to the primitive normal polynomials
over ﬁnite ﬁelds and then transfer the existence of a primitive normal polynomial over ﬁnite ﬁelds
with the mth coeﬃcient prescribed to the existence of a lifted primitive normal polynomial over
suitable Galois rings with the canonical projective map of the mth coeﬃcient prescribed.
We ﬁrst give a deﬁnition. Let f˜ (x) be a monic polynomial of degree n over Ok(Re,k). f˜ (x) is called
basic irreducible if f˜ (x) mod p is an irreducible polynomial of degree n over Fq .
Deﬁnition 3.1. Let f˜ (x) ∈ Ok[x](Re,k[x]) be a basic irreducible polynomial of degree n. f˜ (x) is called a
lifted irreducible polynomial if f˜ (x)|xqn−1 − 1 over Ok(Re,k).
Given an irreducible polynomial f (x) of degree n over Fq . Suppose that ξ is a root of f (x). Then
ξ, ξq, . . . , ξq
n−1 ∈ Fqn are all roots of f (x). Viewing ξ, ξq, . . . , ξqn−1 as elements of Γnk , which is a
subset of Onk(Re,nk), then f˜ (x) = (x − ξ)(x − ξq) · · · (x − ξqn−1 ) ∈ Ok[x](Re,k[x]) be a lifted irreducible
polynomial over Ok(Re,k), and f (x) = f˜ (x) mod p. On the other hand, given a lifted irreducible poly-
nomial f˜ (x) of degree n over Ok(Re,k), f (x) = f˜ (x) mod p is an irreducible polynomial of degree n
over Fq by deﬁnition. In fact, the lifted irreducible polynomials of degree n over Ok(Re,k) and the
S. Fan, X. Wang / Finite Fields and Their Applications 15 (2009) 682–730 689irreducible polynomials of degree n over Fq are one-to-one correspondence. In particular, when e = 1,
the lifted irreducible polynomials are just the irreducible polynomials over ﬁnite ﬁelds.
Let ξ ∈ Γnk . ξ is called a primitive element of Onk(Re,nk) if ξ is a generator of the cyclic multiplica-
tive group Γ ∗nk , i.e., Γ
∗
nk = 〈ξ〉. ξ is called a normal element of Onk(Re,nk) over Ok(Re,k) if, when viewed
as an element of Fqn , it is normal over Fq . ξ is a primitive normal element of Γnk if it is both primitive
and normal. Suppose that f (x) be a lifted irreducible polynomial over Ok(Re,k), ξ is a root of f (x),
then ξ ∈ Γnk . f (x) is called a lifted primitive normal (primitive, normal) polynomial over Ok(Re,k) if ξ
is a primitive normal (primitive, normal) element. It is obvious the lifted primitive normal (primi-
tive, normal) polynomials of degree n over Ok(Re,k) are one-to-one correspondence to the primitive
normal (primitive, normal) polynomials of degree n over Fq . So in order to investigate the existence
of a primitive normal polynomial with the mth coeﬃcient prescribed, we only need to discuss the
problem of the existence of a lifted primitive normal polynomial over some suitable Galois rings Re,k
with the canonical projective map of the mth coeﬃcient prescribed. We reformulated Conjecture 1.3
as follows.
Conjecture 1.3′ . Let e  1, n  2 be positive integers, φ be the canonical projective map from Re,k to Γk.
Suppose that a ∈ Γk. For any integer 1  m < n, whether there exists a lifted primitive normal polynomial
f (x) = xn − σ1xn−1 + · · · + (−1)n−1σn−1x+ (−1)nσn of degree n over Re,k with φ(σm) = a, except that
(q,n,m,a) = (q,n,1,0), (2,3,2,1), (2,4,2,1), (2,4,3,1), (2,6,3,1),
(3,4,2,2), (5,3,4,3), (4,3,2,1 + x),
where F4 = {0,1, x,1+ x}.
3.3. Problem reduction without characteristic restriction
In this subsection, we use the p-adic method to remove the characteristic restriction and complete
the problem reduction process. We continue to discuss the existence of a lifted primitive normal
polynomial of degree n over Ok(Re,k) with the canonical projective map of the mth coeﬃcient pre-
scribed.
Let f (x) ∈ Ok[x] be a lifted irreducible polynomial of degree n and ξ ∈ Γnk be a root of f (x).
Deﬁne st = Tr(ξ t) =∑∞i=0 st,i pi , where st,i ∈ Γk . Then we have stp j = τ j(st) =∑∞i=0 sp jt,i pi , where τ is
the Frobenius map of Ok over Qp . From now on, we only consider those t satisfying (t, p) = 1. In
fact, when suitable e is chosen, all st and f (x) will be reduced to Re,k .
Observe that when p >m, Newton’s identity implies that the mth coeﬃcient σm can be expressed
by s1, . . . , sm . The next lemma from [9] can be viewed as a generalization of Newton’s identity.
For 1  t, l m, (t, p) = 1, let e(t, l) be the largest integer such that tpe(t,l)−1  l. For brevity, we
abbreviate e(t,m) to e(t).
Lemma 3.2. (See [9].) Let f (x) = xn − σ1xn−1 + · · · + (−1)nσn be a lifted irreducible polynomial over Ok,
ξ ∈ Γnk be a root of f (x). For 1 l m, let l = tl pe(tl,l)−1 , where (tl, p) = 1 and e(tl, l) 1. Suppose that for
each 1 t  l, (t, p) = 1,
Tr
(
ξ t
)= st = st,0 + pst,1 + · · · + pe(t,l)−1st,e(t,l)−1 mod pe(t,l).
Then we have
(−1)lσl ≡ g
({
st,i
∣∣ (t, p) = 1, tpi < l})− 1
tl
· spe(tl ,l)−1tl,e(tl,l)−1 mod p, (3.1)
where g(x) is a polynomial of {st,i | (t, p) = 1, tpi < l} over Ok.
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polynomial with the canonical projective map of the mth coeﬃcient prescribed. It is in fact a special
case of Theorem 3.17 of [10].
Proposition 3.3. (See [10].) Let n  2 be a positive integer and 1m < n. For 1 t m, (t, p) = 1, let e(t)
be the largest integer such that tpe(t)−1 m and m = tmpe(tm)−1 . Let s1,0 = 1, st,i = 0, where 1 < tpi < m.
Suppose that for any stm,e(tm)−1 ∈ Γk, the following system of trace equations
Tr
(
xt
)= st = st,0 + pst,1 + · · · + pe(t)−1st,e(t)−1 mod pe(t),
for 1 t m, (t, p) = 1 (3.2)
has at least a primitive normal element solution in Γnk. Then there exists a lifted primitive normal polynomial
over Ok of degree n with the canonical projective map of the mth coeﬃcient prescribed.
From Proposition 3.3, the existence of a (lifted) primitive normal polynomial with (the canonical
projective map of) the mth coeﬃcient prescribed can be characterized by m constraint conditions,
without any restriction on the characteristic p. Since the estimate of character sums over Galois rings
has the same shape O (qn/2), it can only deal with the case m < n2 asymptotically.
We next give another suﬃcient condition of the existence of a lifted primitive normal polynomial
with the canonical projective map of the mth coeﬃcient prescribed. In [2], Cohen got the following
lemma.
Lemma 3.4. (See [2].) Let f (x) = xn −σ1xn−1 + · · ·+ (−1)nσn be a lifted irreducible polynomial over Ok. Let
1 m  n, m = tmpe(tm)−1 , (tm, p) = 1 and m∗ = m2 . Suppose that st,i = 0 for all tpi m∗ . Then φ(σm)
runs across Γk if stm,e(tm)−1 runs across Γk. Especially, φ(σm) = 0 if and only if stm,e(tm)−1 = 0.
From the above we have
Proposition 3.5. Let n  2 be a positive integer, 1  m < n, mˆ∗ = n−m2  and b be any primitive element
of Γ ∗k . Assume n −m = T˜ p J−1 , (T˜ , p) = 1. For 1  t  mˆ∗ , (t, p) = 1, t = T˜ , let e(t) be the largest integer
such that tpe(t)−1  mˆ∗ . Suppose that for any a ∈ Γk, the following system of equations
⎧⎪⎨
⎪⎩
Tr
(
x−t
)= 0 mod pe(t), for 1 t  mˆ∗, (t, p) = 1, t = T˜ ,
Tr
(
x−T˜
)= p J−1a mod p J ,
Norm(x) = b
(3.3)
has at least a primitive normal element solution in Γnk. Then there exists a lifted primitive normal polynomial
over Ok of degree n with the canonical projective map of the mth coeﬃcient prescribed.
Proof. Let ξ be a primitive normal element solution of Eqs. (3.3) and f (x) = xn − σ1xn−1 + · · · +
(−1)n−1σn−1x+ (−1)nb be its minimal polynomial over Ok . So f (x) is a lifted primitive normal poly-
nomial. Consider the reciprocal polynomial of f (x), i.e., f ∗(x) = b−1(−1)nxn f ( 1x ) = xn − σ ∗1 xn−1 +
· · · + (−1)n−1σ ∗n−1x + (−1)n 1b , where σ ∗i = σn−ib for 1 i  n − 1. It is easy to see that ξ−1 is a root
of f ∗(x). Suppose that s∗t = Tr(ξ−t) = 0 mod pe(t) for all 1 t  mˆ∗ , (t, p) = 1, t = T˜ , and s∗T˜ , J−1 = a
runs across Γk . Then from Lemma 3.4, φ(σ ∗n−m) runs across Γk , which in return, implies φ(σm) runs
across Γk , where φ is the canonical projective map from Ok to Γk . 
From Proposition 3.5, the existence of a (lifted) primitive normal polynomial with (the canonical
projective map of) the mth coeﬃcient prescribed can be characterized by n−m2  + 2 constraint con-
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small.
As in the ﬁnite ﬁelds, the number of constraint conditions can be decreased by 1 for the case of
φ(σm) = 0 since φ(σ ∗n−m) = 0 if and only if φ(σm) = 0, whatever σn is.
Proposition 3.6. Assume all conditions the same as in Proposition 3.5. Suppose that the following system of
equations
{
Tr
(
x−t
)= 0 mod pe(t), for 1 t  mˆ∗, (t, p) = 1, t = T˜ ,
Tr
(
x−T˜
)= 0 mod p J (3.4)
has at least a primitive normal element solution in Γnk. Then there exists a lifted primitive normal polynomial
over Ok of degree n with the canonical projective map of the mth coeﬃcient prescribed as zero.
From Proposition 3.6, the existence of a (lifted) primitive normal polynomial with (the canonical
projective map of) the mth coeﬃcient prescribed as zero can be characterized by n−m2 +1 constraint
conditions, without any restriction on the characteristic p.
Combining Propositions 3.3, 3.5, 3.6, we deduce σm can be speciﬁed by the following three cases,
which is similar to the ﬁnite ﬁeld case:
1. Standard Problem: the existence of a primitive normal element solution of Eqs. (3.2).
2. Norm Problem: the existence of a primitive normal element solution of Eqs. (3.3).
3. Zero Problem: the existence of a primitive normal element solution of Eqs. (3.4).
For different 1m < n and different a, we will choose to consider the standard problem, the norm
problem or the zero problem respectively according to the estimates of the primitive normal element
solutions of Eqs. (3.2)–(3.4).
4. The estimates: A general result
In this section, we will estimate the number of primitive normal solutions of Eqs. (3.2)–(3.4) re-
spectively. In Section 4.1 we introduced some estimates of character sums over Galois rings. Then we
give the characteristic functions of primitive and normal elements over Galois rings in Section 4.2.
In Sections 4.3–4.5, we get the estimates of the number of primitive normal element solutions of
Eqs. (3.2)–(3.4) respectively.
4.1. Estimates of character sums over Galois rings
Let e  1 be a positive integer and ψe,k be the canonical additive character of Re,k deﬁned by
ψe,k(x) = e2π i Tre,k,1(x)/pe , x ∈ Re,k.
For a ∈ Re,k , deﬁne ψae,k(x) = ψe,k(ax), x ∈ Re,k . It was shown that Rˆe,k = {ψae,k | a ∈ Re,k} consists of all
the additive characters of Re,k .
Let g be a primitive element (i.e. generator) of the multiplicative cyclic group Γ ∗nk = Γnk\{0}. The
canonical multiplicative character χ can be deﬁned by χ(gl) = e2π il/qn−1 for 0  l  qn − 2. For
0  j  qn − 2, deﬁne χ j(gl) = χ(glj). Γˆ ∗nk = {χ j | 0  j  qn − 2} consists of all the multiplicative
characters of Γ ∗nk and forms a multiplicative cyclic group with order q
n − 1. Denote χ0 the trivial
multiplicative character.
Lemma 4.1. (See [9].) Let a ∈ Re,k, ξ ∈ Γk, ψe,k be the canonical additive character of Re,k. For 1 d e,
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c∈Rd,k
ψce,k
(
pe−da
)= {qd if a = 0 mod pd;
0 otherwise
and
∑
χ∈Γˆ ∗k
χ(ξ) =
{
q − 1 if ξ = 1;
0 otherwise.
Let h(x) be a polynomial over Re,nk with h(0) = 0 and h(x) not identically 0. Let
h(x) = h0(x) + h1(x)p + · · · + he−1(x)pe−1, hi(x) ∈ Γnk[x]
be the p-adic expansion of h(x) and
hi(x) =
di∑
j=0
hi, jx
j, hi, j ∈ Γnk,
where di is the degree of hi(x). h(x) is called nondegenerate if for all 0  i  e − 1, 0  j  di , the
coeﬃcients hi, j of hi(x) satisfy hi, j = 0 if j ≡ 0 (mod p). Deﬁne the weighted e-degree of h(x) by
De,h = max(d0pe−1,d1pe−2, . . . ,de−1).
Next we give some estimates of character sums over Galois rings for our later use. When e = 1, it
is just the estimates of character sums over ﬁnite ﬁelds.
Lemma 4.2. (See [15].) Let ψe,nk be the canonical additive character of Re,nk and χ be a nontrivial multiplica-
tive character of Γnk, f (x), g(x) ∈ Re,nk[x] be nondegenerate polynomials with weighted e-degree De, f and
De,g respectively. Then
1.
∣∣∣∣ ∑
x∈Γnk
ψe,nk
(
f (x)
)∣∣∣∣ (De, f − 1)qn/2.
2.
∣∣∣∣ ∑
x∈Γ ∗nk
ψe,nk
(
f (x)
)
χ(x)
∣∣∣∣ De, f qn/2.
3.
∣∣∣∣ ∑
x∈Γ ∗nk
ψe,nk
(
f (x) + g(x−1))∣∣∣∣ (De, f + De,g)qn/2.
4.
∣∣∣∣ ∑
x∈Γ ∗nk
ψe,nk
(
f (x) + g(x−1))χ(x)∣∣∣∣ (De, f + De,g)qn/2.
4.2. Characteristic function of a primitive, normal element
In this subsection, we give the characteristic functions of primitive and normal elements over
Galois rings respectively. We ﬁrst deal with the case of primitivity.
Let χ ∈ Γˆ ∗nk be a multiplicative character of Γnk . The order of χ , denoted by ord(χ), is deﬁned
to be the smallest integer d such that χd = χ0. It is familiar ord(χ)|qn − 1 and for any d|qn − 1
there exist exactly ϕ(d) multiplicative characters of Γ ∗nk with order d, where ϕ(·) is the Euler func-
tion.
Let ω ∈ Γ ∗nk . The order of ω, denoted by ord(ω), is deﬁned to be the smallest integer such that
ωord(ω) = 1. It is easy to see that ord(ω)|qn − 1. Let e|qn − 1 and v ∈ Γ ∗nk . Then v is said to be e-free
S. Fan, X. Wang / Finite Fields and Their Applications 15 (2009) 682–730 693(or not any kind of eth power) if e and (qn − 1)/ord(v) are relatively prime, or equivalently, for any d|e
and ξ ∈ Γ ∗nk , v = ξd implies d = 1. It is easy to see that ω is a primitive element if and only if ω is
(qn − 1)-free. The following lemma gives a characteristic function of an element of e-free.
Lemma 4.3. (See [8].) Let e|qn − 1 and ω ∈ Γ ∗nk. Then we have
Pe(ω) = ϕ(e)
e
∑
d|e
μ(d)
ϕ(d)
∑
χ(d)
χ (d)(ω) =
{
1 if ω is e-free;
0 otherwise
whereμ(d) is the Möbius function and ϕ(d) is the Euler function, χ(d) runs through all the ϕ(d) multiplicative
characters over Γ ∗nk with order d.
Next we will give a characteristic function of normal elements. Similarly we give a general result.
Let ω ∈ Γnk . We know that ω is a normal element of Re,nk over Re,k if and only if ω, when viewed
as an element of Fqn , is a normal element of Fqn over Fq . We next give a general deﬁnition.
Let f (x) = a0 + a1x + · · · + amxm ∈ Fq[x], we call f τ (x) = a0x + a1xq + a2xq2 + · · · + amxqm the
linearized polynomial of f (x).
Let α ∈ Fqn . The Fq-order of α, denoted by Ord(α), is deﬁned as the least degree monic polynomial
g(x) such that gτ (α) = 0. It is easy to verify the following: (1) g(x) does exist; (2) g(x)|xn − 1; (3) If
h(x) is a monic polynomial over Fq such that hτ (α) = 0, then g(x)|h(x).
Let f be a monic divisor of xn − 1 and ω ∈ Fqn . ω is said to be f -free (or not any kind of f th
multiple) if f and (xn−1)/Ord(ω) are relatively prime (or if for any monic polynomial h| f and v ∈ Fqn ,
ω = hτ (v) implies h = 1). It is well known that ω is (xn − 1)-free implies that ω is a normal element
of Fqn over Fq .
Deﬁnition 4.4. Let f be a monic divisor of xn − 1 and ω ∈ Γnk . Then ω is f -free over Re,k if, when
viewed as an element of Fqn , it is f -free.
As we know, the group of all additive characters of Re,nk can be written as
Rˆe,nk =
{
ψαe,nk
∣∣ψαe,nk(x) = ψe,k(Tr(αx)) for all x ∈ Re,nk, α ∈ Re,nk}.
Consider the subset of Rˆe,nk ,
pe−1 Rˆe,nk =
{
ψαe,nk
∣∣ α ∈ pe−1Re,nk} {ψeβ ∣∣ α = pe−1β, β ∈ Γnk}, (4.1)
where we denote ψ p
e−1β
e,nk by ψ
e
β for simplicity.
Deﬁnition 4.5. Let ψeβ ∈ pe−1 Rˆe,nk . The Re,k-order of ψeβ is deﬁned to be the least degree monic
polynomial g(x) ∈ Fq[x](Γk[x]) such that ψeβ(gτ (x)) = 1 for all x ∈ Re,nk .
It can be veriﬁed that Re,k-order of ψeβ is a monic divisor of x
n − 1 and for any monic D|xn − 1,
there exists exactly ϕq(D) number of additive characters of pe−1 Rˆe,nk with Re,k-order D , where ϕq(·)
is the Euler function for the polynomial ring Fq[x]. We ﬁnally have the following characteristic func-
tion of an f -free element.
Lemma 4.6. (See [11].) Let f be a monic divisor of xn − 1 over Fq and ω ∈ Γnk. Then
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qdeg f
∑
D| f
μq(D)
ϕq(D)
∑
ψ(D)
ψ(D)(ω) =
{
1 if ω is f -free;
0 otherwise
whereψ(D) runs through all the ϕq(D) additive characters of pe−1 Rˆe,nk with Re,k-order D,μq(·), ϕq(·) denote
the Möbius function and the Euler function for the polynomial ring Fq[x] respectively.
For simplicity of our later use, we give another version of the characteristic function of an f -free
element. Denote
ΓD =
{
αD ∈ Γnk
∣∣ψeαD is an additive character of pe−1 Rˆe,nk with Re,k-order D}.
We reformulate Lemma 4.6 as follows.
Lemma 4.7. Let f be a monic divisor of xn − 1 over Fq, ψe,nk be the canonical additive character of Re,nk and
ω ∈ Γ ∗nk. Then
N f (ω) = ϕq( f )
qdeg f
∑
D| f
μq(D)
ϕq(D)
∑
αD∈ΓD
ψe,nk
(
pe−1αDω
)= {1 if ω is f -free;
0 otherwise.
4.3. Estimates: The standard problem
In this subsection, we will give an estimate of the primitive normal element solutions of Eqs. (3.2),
which is denoted by Ns . In fact, we have treated a general case in [10]. So we will omit the detail
and only give the result for our later use. The readers can refer to [10] for more detail.
Let n = phn1, where (n1, p) = 1 and M = xn−1
xph−1 . We have the following lemma.
Lemma 4.8. (See [10].) Let ω ∈ Γ ∗nk. Then ω is normal of Onk over Ok if and only if Tr(ω) = 0 mod p and ω is
M-free, i.e., M|Ord(ω).
Deﬁne
Ts =
{
τ = δT : δ|qn − 1, T |M}.
For any τ = δT ∈ Ts , let πs(τ ) = πs(δ, T ) be the number of elements ω ∈ Γ ∗nk such that
1. ω is a solution of Eqs. (3.2);
2. ω is δ-free;
3. ω is T -free.
From Lemma 4.8, in order to investigate the existence of a primitive normal element solution of
Eqs. (3.2), we only need to show that πs(qn − 1,M) > 0.
From now on, for any τ = δT , δ|qn − 1, T |xn − 1, denote
θ(τ ) = ϕ(δ)
δ
ϕq(T )
qdegT
.
From [10] we have the following.
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qmπs(τ ) = θ(τ )
∑
d|δ
∑
D|T
Θd,D .
Furthermore,
1. Suppose (d, D) = (1,1). Then
|Θ1,1| qn −
(
m2q
n−1
2 +m +mqn−22 +m).
2. Suppose (d, D) = (1,1). Then
|Θd,D |m2q n−12 +m +mqn−22 +m.
4.4. Estimates: The norm problem
In this subsection, we will estimate the number of primitive normal solutions of Eqs. (3.3), which
we denote Nn . Since σm = 0 if and only if a = 0, and the case σm = 0 will be discussed in the zero
problem, we assume a = 0 in this subsection.
We ﬁrst give some lemmas.
Deﬁnition 4.10. Let Q be the largest integer such that Q |qn − 1 and gcd(Q ,q− 1) = 1. We call Q the
(q − 1)-free part of qn − 1.
Lemma4.11. Letχ be amultiplicative character ofΓnk,χ |Γk be its restriction toΓk. Suppose that ord(χ)| q
n−1
q−1 .
Then χ |Γk is a trivial multiplicative character of Γk.
Proof. Assume that Γ ∗nk = 〈g〉. Then Γ ∗k = 〈g∗〉, where g∗ = g
qn−1
q−1 . For any c ∈ Γ ∗k , c = (g∗)l = g
qn−1
q−1 l
for some 0 l q−2. Suppose that for any 0 s qn−2, χ(gs) = e2π i js/qn−1 for some 0 j  qn−2.
Then χ(c) = e2π i jl/q−1, i.e., χ |Γk is a trivial multiplicative character if and only if j ≡ 0 mod q− 1. On
the other hand, suppose that ord(χ) = d, i.e., χd a trivial multiplicative character of Γ ∗nk . This means
jd ≡ 0 mod qn − 1. Since d| qn−1q−1 , we must have j ≡ 0 mod q − 1, i.e., χ |Γk is a trivial multiplicative
character of Γk . 
Lemma 4.12. Suppose Q be the (q − 1)-free part of qn − 1 and d|Q . Let χ be a multiplicative character of
Γ ∗k and χn = χ ◦ Norm be the lifted multiplicative character, χ(d) be a multiplicative character of Γ ∗nk with
order d. Then χ(d) · χn is a trivial character of Γ ∗nk if and only if d = 1 and χ = χ0 .
Proof. It is obvious that χ(d) ·χn = χ0 if χ = χ0,d = 1. Suppose that χ(d) ·χn = χ0. Then χ(d) = χ−1n
which implies d = ord(χ(d)) = ord(χ−1n ) = ord(χn) = ord(χ)|q − 1. From d|Q , d|q − 1 we have d|1 =
gcd(Q ,q − 1), i.e., d = 1 and χ = χ0. 
Lemma 4.13. (See [8].) Let Q be the (q − 1)-free part of qn − 1. An element ω ∈ Γ ∗nk is primitive if and only if
Norm(ω) is a primitive element of Γ ∗k and ω is Q -free, i.e., Q |ord(ω).
Similarly we deﬁne
Tn =
{
τ = δT : δ|Q , T |xn − 1}.
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1. ω is a solution of Eqs. (3.3);
2. ω is δ-free;
3. ω is T -free.
From Lemma 4.13, in order to investigate the existence of a primitive normal element solution of
Eqs. (3.3), we only need to show that πn(Q , xn − 1) > 0.
Let e∗ be the largest integer such that pe∗−1  mˆ∗ = n−m2 , n − m = T˜ p J−1, (T˜ , p) = 1, e =
max{e∗, J }. For l = 1,2, . . . , e, denote
Sl =
{
t
∣∣ (t, p) = 1, t = T˜ , l is the largest integer such that tpl−1  mˆ∗, and T˜ if l = J}
and
S = {(ct)(t,p)=1 ∣∣ ct ∈ Rl,k for t ∈ Sl, l = 1,2, . . . , e}.
It is easy to know that |S| = qmˆ∗+1.
Let ψe,k , ψe,nk be the canonical additive characters of Re,k and Re,nk respectively, where ψe,nk =
ψe,k ◦ Tr. From Lemmas 4.1, 4.3 and 4.7,
(q − 1)qmˆ∗+1πn(τ ) =
∑
ω∈Γ ∗nk
e∏
l=1
∏
t∈Sl, t =T˜
∑
ct∈Rl,k
ψe,k
(
pe−lct Tr
(
ω−t
))
·
∑
cT˜ ∈R J ,k
ψe,k
(
pe− J cT˜
(
Tr
(
ω−T˜
)− p J−1a))
·
∑
χ∈Γˆ ∗k
χ
(
Norm(ω)
b
)
Pδ(ω)NT (ω)
= θ(τ )
∑
d|δ
∑
D|T
Θd,D ,
where θ(τ ) is deﬁned as before,
Θd,D = μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ
χ
(
b−1
)∑
χ(d)
∑
αD∈ΓD
∑
(ct )∈S
ψe,k
(−cT˜ pe−1a)Λ((ct),χ,χ(d),αD),
and
Λ
(
(ct),χ,χ
(d),αD
)= ∑
ω∈Γ ∗nk
ψe,nk
(
e∑
l=1
pe−l
∑
t∈Sl
ctω
−t + pe−1αDω
)(
χ(d) · χn
)
(ω),
χn = χ ◦ Norm is the lifted multiplicative character of Γ ∗nk . Denote
h(x) =
e∑
l=1
pe−l
∑
t∈S
ctx
t .l
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cT˜ ,0 = 0, De,h  mˆ∗ .
Proposition 4.14. Assume 0 = a ∈ Γk and Θd,D be deﬁned as above.
1. If (d, D) = (1,1), then
|Θ1,1| qn − (n −m + 1)
(
n −m + 1√
q
)
(q − 1)q n+12 +mˆ∗ . (4.2)
2. If (d, D) = (1,1), then
|Θd,D | (n −m + 1)
(
n −m + 1√
q
)
(q − 1)q n+12 +mˆ∗ . (4.3)
Proof. Denote
Θd,D
(
(ct),χ
)= μ(d)
ϕ(d)
μq(D)
ϕq(D)
χ
(
b−1
)
ψe,k
(−cT˜ pe−1a)∑
χ(d)
∑
αD∈ΓD
Λ
(
(ct),χ,χ
(d),αD
)
.
From Lemma 4.12, we have that Λ((ct),χ,χ(d),αD) = qn − 1 if and only if (d, D,h(x),χ) =
(1,1,0,χ0).
1. Suppose (d, D,h(x),χ) = (1,1,0,χ0), i.e., 0 = ct ∈ Rl,k for all t ∈ Sl and l = 1,2, . . . , e, αD = 0. It
is easy check
Θ1,1
(
(0),χ0
)= qn − 1. (4.4)
2. Suppose (d, D,h(x)) = (1,1,0), χ = χ0. In this case, χn = χ ◦ Norm is nontrivial,
Λ
(
(ct),χ,χ
(d),αD
)= ∑
ω∈Γ ∗nk
χn(ω) = 0.
So
Θ1,1
(
(0),χ
)= 0. (4.5)
3. Suppose (d, D) = (1,1), h(x) = 0. In this case
∣∣∣∣ ∑
ω∈Γ ∗nk
ψe,nk
(
pe−1αDω
)(
χ(d) · χn
)
(ω)
∣∣∣∣ qn/2.
Since the number of multiplicative characters of Γ ∗nk with order d is ϕ(d) and the number of additive
characters of pe−1 Rˆe,nk with Re,k-order D is ϕq(D), we have
∣∣∣∣ ∑
χ∈Γˆ ∗
Θd,D
(
(0),χ
)∣∣∣∣ (q − 1)qn/2. (4.6)
k
698 S. Fan, X. Wang / Finite Fields and Their Applications 15 (2009) 682–7304. Suppose that h(x) = 0. Let cT˜ = cT˜ ,0 + · · · + cT˜ , J−1p J−1. For convenience of later use,
we denote Λ((ct),χ,χ(d),αD) and Θd,D((ct),χ) by Λ(cT˜ ,0, . . . , cT˜ , J−1, (ct)t =T˜ ,χ,χ(d),αD) and
Θd,D(cT˜ ,0, . . . , cT˜ , J−1, (ct)t =T˜ ,χ) respectively. Notice that ψe,k(−cT˜ pe−1a) = ψe,k(−cT˜ ,0pe−1a).
(a) Suppose that cT˜ ,0 = 0. Denote
S ′ = {(ct)(t,p)=1, t =T˜ ∣∣ ct ∈ Rl,k for t ∈ Sl, l = 1,2, . . . , e}.
Let g be a generator of Γ ∗k . Suppose T
′ = gcd(T˜ ,q − 1). Then ⋃T ′−1i=0 {gi vT ′ | v ∈ Γ ∗k } =⋃T ′−1i=0 {gi v T˜ |
v ∈ Γ ∗k } runs across Γ ∗k T ′ times. Denote
AS(χ) =
∑
cT˜ ,0∈Γ ∗k
∑
cT˜ ,i∈Γk
1i J−1
∑
(ct )∈S ′
Θd,D
(
cT˜ ,0, . . . , cT˜ , J−1, (ct)t =T˜ ,χ
)
= 1
T ′
T ′−1∑
i=0
∑
v∈Γ ∗k
∑
cT˜ ,i∈Γk
1i J−1
∑
(ct )∈S ′
Θd,D
(
gi v T˜ , . . . , cT˜ , J−1, (ct)t =T˜ ,χ
)
.
Let ω∗ = v−1ω, c∗
T˜ ,i
= v−T˜ cT˜ ,i for all 1  i  J − 1, c∗t = v−tct for all t ∈ Sl , t = T˜ , and α∗D = vαD .
Given v = 0, it is easy to see that ω∗ , c∗
T˜ ,i
, c∗t (t = T˜ ), α∗D runs through Γ ∗nk,Γk, Rl,k (when t ∈ Sl) and
ΓD when ω, cT˜ ,i , ct , αD runs through Γ
∗
nk , Γk , Rl,k and ΓD respectively. For 0 i  T ′ − 1, denote
hi(x) = pe− J
(
gi + c∗
T˜ ,1
p + · · · + c∗
T˜ , J−1p
J−1)xT˜ + e∑
l=1
pe−l
∑
t∈Sl, t =T˜
c∗t xt .
Then hi(x) is nondegenerate with De,hi  n−m. From Lemma 4.11, χ(d)|Γk is a trivial character when
d|Q , so
AS(χ) = 1
T ′
μ(d)
ϕ(d)
μq(D)
ϕq(D)
χ
(
b−1
)∑
χ(d)
∑
α∗D∈ΓD
T ′−1∑
i=0
∑
v∈Γ ∗k
ψe,k
(
pe−1giav T˜
)
χn(v)
·
∑
c∗
T˜ ,i
∈Γk
1i J−1
∑
(c∗t )∈S ′
∑
ω∗∈Γ ∗nk
ψe,nk
(
hi
(
ω∗−1
)+ pe−1α∗Dω∗)(χ(d) · χn)(ω∗).
Since a = 0, from Lemma 4.2 we have
∣∣∣∣ ∑
v∈Γ ∗k
ψe,k
(
pe−1giav T˜
)
χn(v)
∣∣∣∣ T˜ q1/2  (n −m)q1/2.
On the other hand,
∣∣∣∣ ∑
ω∗∈Γ ∗
ψe,nk
(
hi
(
ω∗−1
)+ pe−1α∗Dω∗)(χ(d) · χn)(ω∗)
∣∣∣∣ (n −m + 1)qn/2.nk
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∣∣∣∣ ∑
χ∈Γˆ ∗k
∑
(ct )∈S
cT˜ ,0 =0
Θd,D
(
cT˜ ,0, . . . , cT˜ , J−1, (ct)t =T˜ ,χ
)∣∣∣∣
 (n −m)(n −m + 1)(q − 1)q n+12 +mˆ∗ . (4.7)
(b) Suppose that cT˜ ,0 = 0, h(x) = 0. In this case De,h  mˆ∗ .
∣∣∣∣ ∑
χ∈Γˆ ∗k
∑
(ct )∈S
cT˜ ,0=0,h(x) =0
Θd,D
(
0, cT˜ ,1, . . . , cT˜ , J−1, (ct)t =T˜ ,χ
)∣∣∣∣

(
mˆ∗ + 1)(q − 1)(qmˆ∗ − 1)qn/2. (4.8)
Combining inequalities (4.4)–(4.8), we can get the inequalities (4.2), (4.3). This ﬁnishes the proof. 
4.5. Estimates: The zero problem
In this subsection we will give an estimate of the number of primitive normal element solutions
of Eqs. (3.4), which we denote Nz .
In this case we deﬁne
Tz =
{
τ = δT : δ|qn − 1, T |xn − 1}.
For any τ = δT ∈ Tz , let πz(τ ) = πz(δ, T ) be the number of ω ∈ Γ ∗nk such that
1. ω is a solution of Eqs. (3.4);
2. ω is δ-free;
3. ω is T -free.
In order to investigate the existence of a primitive normal element solution of Eqs. (3.4), we only
need to show that π(qn − 1, xn − 1) > 0. The estimate is relatively simple.
Let e, Sl , S , ψe,nk , ψe,k , mˆ∗ be deﬁned as before.
qmˆ
∗+1πz(τ ) =
∑
ω∈Γ ∗nk
e∏
l=1
∏
t∈Sl
∑
ct∈Rl,k
ψe,k
(
pe−lct Tr
(
ω−t
))
Pδ(ω)NT (ω)
= θ(τ )
∑
d|δ
∑
D|T
Θd,D ,
where θ(τ ) is deﬁned as before,
Θd,D = μ(d)
ϕ(d)
μq(D)
ϕq(D)
∑
χ(d)
∑
αD∈ΓD
∑
(ct )∈S
Λ
(
(ct),χ
(d),αD
)
,
and
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(
(ct),χ
(d),αD
)= ∑
ω∈Γ ∗nk
ψe,nk
(
e∑
l=1
pe−l
∑
t∈Sl
ctω
−t + pe−1αDω
)
χ(d)(ω).
Proposition 4.15. Let Θd,D be deﬁned as above.
1. If (d, D) = (1,1), then
|Θ1,1| qn − (n −m + 1)q n2+mˆ∗+1. (4.9)
2. If (d, D) = (1,1), then
|Θd,D | (n −m + 1)q n2+mˆ∗+1. (4.10)
Proof. Let h(x) =∑el=1 pe−l∑t∈Sl ct xt . Then
1. Suppose that h(x) = 0. Then h(x) is nondegenerate with De,h  n −m. In this case,
∣∣Λ((ct),χ(d),αD)∣∣ (n −m + 1)qn/2.
2. Suppose h(x) = 0.
• Suppose (d, D) = (1,1). In this case,
μ(d)
ϕ(d)
μq(D)
ϕq(D)
Λ
(
(ct),χ
(d),αD
)= qn − 1.
• Suppose (d, D) = (1,1). In this case,
∣∣Λ((ct),χ(d),αD)∣∣= ∣∣∣∣ ∑
ω∈Γ ∗nk
ψe,nk
(
pe−1αDω
)
χ(d)(ω)
∣∣∣∣ qn/2.
Combining the above we get inequalities (4.9), (4.10). This ﬁnishes the proof. 
5. The sieve techniques
In this section, we will use the sieve techniques to estimate Ns(qn − 1,M), Nn(Q , xn − 1) and
Nz(qn − 1, xn − 1). For different 1  m < n and different a ∈ Fq , we will use Ns(qn − 1,M) > 0,
Nn(Q , xn − 1) > 0 or Nz(qn − 1, xn − 1) > 0 respectively to illustrate the existence of a primitive
normal polynomial of degree n over Fq with the mth coeﬃcient prescribed as a.
For any τ = (δ, T ) ∈ T , from the characteristic functions of δ-free and T -free, it is obvious that
Ns(τ ), Nn(τ ), Nz(τ ) depends only on the square-free part of δ and T , i.e., the set of distinct prime
factors of δ and the set of irreducible factors of T . So we deﬁne the atoms of τ to be the set of all
distinct prime factors of δ and all irreducible factors of T . In order to deal with the standard problem,
the norm problem and the zero problem together, we use π(τ ) to denote any of Ns(τ ), Nn(τ ), Nz(τ )
without confusion. In fact, if τ1 and τ2 have the same atoms, then π(τ1) = π(τ2).
Let τ = (δ, T ) ∈ T (assume it is square-free). τD = (δD , TD) is called a divisor of τ if δD |δ, TD |T .
Given r  1, divisors τ1 = (δ1, T1), τ2 = (δ2, T2), . . . , τr = (δr, Tr) of τ are called complementary divisors
of τ with common divisor τ0 = (δ0, T0) if the atoms of lcm{τ1, τ2, . . . , τr} are precisely those of τ , and
for any distinct pair of (i, j)1i = jr , the atoms of gcd(τi, τ j) are precisely those of τ0. Next we give a
lemma from [1].
S. Fan, X. Wang / Finite Fields and Their Applications 15 (2009) 682–730 701Lemma 5.1. (See [1].) Let τ1, τ2, . . . , τr be a set of complementary divisors of τ ∈ T with common divisor τ0 .
Then
π(τ )
(
r∑
i=1
π(τi)
)
− (r − 1)π(τ0).
Next we give some conditions to decide whether Ns(qn − 1,M) > 0, Nn(Q , xn − 1) > 0 or
Nz(qn − 1, xn − 1) > 0. Suppose that τ1, τ2, . . . , τr be the complementary divisors of τ ∈ T with com-
mon divisor τ0. Denote the product of all atoms of τi by Prod(τi) and let ρi = Prod(τi)/Prod(τ0).
Proposition 5.2. Let n 2 be a positive integer, 1m < n, q be a prime power and a ∈ Fq.
1. Suppose that there exists a set of complementary divisors τ1, τ2, . . . , τr of (qn − 1,M) with common
divisor τ0 such that inequalities (5.1), (5.2) hold. Especially, suppose that inequality (5.3) holds. Then
there exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient prescribed.
2. Assume that 0 = a ∈ Fq. Suppose that there exists a set of complementary divisors τ1, τ2, . . . , τr of
(Q , xn − 1) with common divisor τ0 such that inequalities (5.1), (5.4) hold. Especially, suppose that in-
equality (5.5) holds. Then there exists a primitive normal polynomial of degree n over Fq with the mth
coeﬃcient prescribed as a.
3. Suppose that there exists a set of complementary divisors τ1, τ2, . . . , τr of (qn − 1, xn − 1) with common
divisor τ0 such that inequalities (5.1), (5.6) hold. Especially, suppose that inequality (5.7) holds. Then there
exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient prescribed as zero.
Proof. Suppose that τ1, τ2, . . . , τr is a set of complementary divisors of τ with common divisor τ0.
Let λ = qm, (q−1)q n−m2 +1,q n−m2 +1 for τ = (qn −1,M), (Q , xn −1), (qn −1, xn −1) respectively. Then
from Lemma 5.1,
λπ(τ )
r∑
i=1
λπ(τi) − (r − 1)λπ(τ0)

r∑
i=1
θ(τi)
∑
d|δi ,D|Ti
Θd,D − (r − 1)θ(τ0)
∑
d|δ0,D|T0
Θd,D

r∑
i=1
θ(τi)
∑
d|δ0,D|T0
Θd,D +
r∑
i=1
θ(τi)
∑
(d,D)|τi ,(d,D)τ0
Θd,D − (r − 1)θ(τ0)
∑
d|δ0,D|T0
Θd,D
 θ
∑
d|δ0,D|T0
Θd,D +
r∑
i=1
θ(τi)
∑
(d,D)|τi ,(d,D)τ0
Θd,D
 θΘ1,1 + θ
∑
(d,D)|τ0,(d,D) =(1,1)
Θd,D +
r∑
i=1
θ(τi)
∑
(d,D)|τi ,(d,D)τ0
Θd,D ,
where θ = ∑ri=1 θ(τi) − (r − 1)θ(τ0). Let ρi be deﬁned as above. Then θ(τi) = θ(τ0)θ(ρi), ω(τi) =
ω(τ0) + ω(ρ0). Suppose that
θ∗ =
r∑
θ(ρi) − (r − 1) > 0. (5.1)
i=1
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q
n+1
2 −m >
(∑r
i=1 θ(τi)(2ω(τi) − 2ω(τ0))
θ
+ 2ω(τ0)
)
·m2 ·
(
1+ 1
m
√
q
)
,
i.e.,
q
n+1
2 −m > 2ω(τ0) ·
(∑r
i=1 θ(ρi)(2ω(ρi) − 1)
θ∗
+ 1
)
·m2 ·
(
1+ 1
m
√
q
)
. (5.2)
Then Ns(qn − 1,M) > 0. Especially when r = 1,
q
n+1
2 −m > 2ω(qn−1)+ω(M) ·m2 ·
(
1+ 1
m
√
q
)
(5.3)
implies inequality (5.2) and thus Ns(qn − 1,M) > 0. For a = 0, from Proposition 4.14 if
q
n−1
2 − n−m2  > 2ω(τ0) ·
(∑r
i=1 θ(ρi)(2ω(ρi) − 1)
θ∗
+ 1
)
· (q − 1) · (n −m + 1) ·
(
n −m + 1√
q
)
, (5.4)
especially if
q
n−1
2 − n−m2  > 2ω(Q )+ω(xn−1) · (q − 1) · (n −m + 1) ·
(
n −m + 1√
q
)
, (5.5)
then Nn(Q , xn − 1) > 0. For a = 0, from Proposition 4.15 if
q
n−2
2 − n−m2  > 2ω(τ0) ·
(∑r
i=1 θ(ρi)(2ω(ρi) − 1)
θ∗
+ 1
)
· (n −m + 1), (5.6)
especially if
q
n−2
2 − n−m2  > 2ω(qn−1)+ω(xn−1) · (n −m + 1), (5.7)
then Nz(qn − 1, xn − 1) > 0, where ω(qn − 1), ω(Q ) denote the number of distinct prime factors of
qn − 1 and Q , ω(M), ω(xn − 1) denote the number of monic irreducible factors of M and xn − 1
respectively. This ﬁnishes the proof. 
Next we will give some inequalities which implies either Ns(qn − 1,M) > 0 or Nn(Q , xn − 1) > 0,
Nz(qn − 1, xn − 1) > 0 for 1 m < n, so we can deal with the standard problem, the norm problem
and the zero problem together.
Proposition 5.3. Let n 8 be a positive integer, q be a prime power. Suppose that
q
n−5
6 > 2ω(q
n−1)+ω(xn−1) ·
(
2n − 2
3
)2
. (5.8)
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The bounds.
m < B m B
n+1
2 −m (1+ 1m√q )m2 n−32 −  n−m2  (n −m + 1)2
d = 0  n−36  ( n+33 )2 + n+33√2 
n−3
6  ( 2n3 − 1)2
d = 1  n−16  ( n+23 )2 + n+23√2 
n−1
6  ( 2n−23 )2
d = 2  n−56  ( n+43 )2 + n+43√2 
n+1
6  ( 2n−43 )2
m < B0 m B0
n+1
2 −m (1+ 1m√q )m2 n−22 −  n−m2  n −m + 1
d = 0  n+36  ( n3 )2 + n3√2 
n
6  2n3
d = 1  n−16  ( n+23 )2 + n+23√2 
n+2
6  2n−23
d = 2  n+16  ( n+13 )2 + n+13√2 
n−2
6  2n−13
Then for any 1m < n, there exists a primitive normal polynomial of degree n over Fq with themth coeﬃcient
prescribed.
Proof. Suppose n = 3k + d, d = 0,1,2, for some positive integer k. Deﬁne
B =
⎧⎨
⎩
k + 2 if d = 0;
k + 2 if d = 1;
k + 3 if d = 2
and
B0 =
⎧⎨
⎩
k + 1 if d = 0;
k + 2 if d = 1;
k + 2 if d = 2.
Then we have Table 1.
From Table 1, if n  8, for all m < B , (1 + 1m√q )m2  ( 2n−23 )2. So for 1 m < n, inequality (5.8)
implies either inequality (5.3) or inequality (5.5) for a = 0, and implies either inequality (5.3) or
inequality (5.7) for a = 0. This ﬁnishes the proof. 
Proposition 5.4. Let n  15 be a positive integer, q be a prime power. Suppose that there exists a set of
complementary divisors τ1, τ2, . . . , τr of (qn −1, xn −1)with common divisor τ0 such that inequalities (5.10),
(5.11) hold. Then for any 1m < n, there exists a primitive normal polynomial of degree n over Fq with the
mth coeﬃcient prescribed.
Proof. Deﬁne
(Pn,Cn) =
⎧⎪⎪⎨
⎪⎪⎩
(n−36 ,
2n
3 − 1) if n ≡ 0 mod 3;
(n−16 ,
2n−2
3 ) if n ≡ 1 mod 3;
(n−56 ,
2n−4
3 ) if n ≡ 2 mod 3.
(5.9)
It can be easily checked that if n 15, ( n3 + 1)2 + n+33√2  (
2n
3 − 1)2 for n ≡ 0 mod 3; (n+23 )2 + n+23√2 
( 2n−23 )
2 for n ≡ 1 mod 3; (n+43 )2 + n+43√2  (
2n−4
3 )
2 for n ≡ 2 mod 3. Suppose that there exists a set of
complementary divisors τ1 = (δ1, T1), τ2 = (δ2, T2), . . . , τr = (δr, Tr) of (qn − 1, xn − 1) with common
divisor τ0 = (δ0, T0) such that θ > 0, i.e.,
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r∑
i=1
θ(ρi) − (r − 1) > 0 (5.10)
and
qPn > 2ω(τ0) ·
(∑r
i=1 θ(ρi)(2ω(ρi) − 1)
θ∗
+ 1
)
· (Cn)2, (5.11)
where ρi is deﬁned as above, ω(τ0), ω(ρi) are the number of atoms of τ0 and ρi respectively.
1. Let τ s1 = (δ1, (T1,M)), . . . , τ sr = (δr, (Tr,M)). Then τ s1, . . . , τ sr is a set of complementary di-
visors of τ s = (qn − 1,M) with common divisor τ s0 = (δ0, (T0,M)). For 1  i  r, denote ρsi =
Prod(τ si )/Prod(τ
s
0). For 0 i  r, let Ti = (Ti,M) ·hi , then hi is coprime to M and Prod(τi) = Prod(τ si )hi .
Since τ0|τi , hi is coprime to M , we have h0|hi . Denote ηi = hi/h0. From the above, we have ρi = ρsi ηi
and (ρsi , ηi) = 1. So for 0  i  r, ω(ρi) = ω(ρsi ) + ω(ηi), θ(ρi) = θ(ρsi )θ(ηi). On one hand, from
inequality (5.10),
θ∗ =
r∑
i=1
θ
(
ρsi
)
θ(ηi) − (r − 1) > 0.
Since for 1 i  n, h0|hi , i.e., θ(ηi) 1. We have
θ∗s =
r∑
i=1
θ
(
ρsi
)− (r − 1) θ∗ > 0. (5.12)
On the other hand, it is easy to check
θ(ηi) · 2ω(ηi)  1,
so we have
r∑
i=1
θ(ρi)
(
2ω(ρi) − 1)/θ∗  r∑
i=1
θ
(
ρsi
)
θ(ηi)
(
2ω(ρ
s
i )+ω(ηi) − 1)/θ∗

r∑
i=1
θ
(
ρsi
)
θ(ηi)2
ω(ηi)
(
2ω(ρ
s
i ) − 1
2ω(ηi)
)
/θ∗s

r∑
i=1
θ
(
ρsi
)(
2ω(ρ
s
i ) − 1)/θ∗s .
Combining with Table 1, for m < B , inequality (5.11) implies
q
n+1
2 −m > 2ω(τ s0) ·
(∑r
i=1 θ(ρsi )(2
ω(ρsi ) − 1)
θ∗s
+ 1
)
·m2 ·
(
1+ 1
m
√
q
)
. (5.13)
From inequalities (5.12), (5.13), there exists a set of complementary divisors of (qn − 1,M) such that
inequalities (5.1), (5.2) hold, i.e., for m < B , there exists a primitive normal polynomial of degree n
over Fq with the mth coeﬃcient prescribed from Proposition 5.2.
2. Suppose that inequalities (5.10), (5.11) hold. For m  B , we can similarly check τn1 =
((δ1, Q ), xn − 1), . . . , τnr = ((δr, Q ), xn − 1) is a set of complementary divisors of τn = (Q , xn − 1)
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tion 5.2, there exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient
prescribed as a = 0 for m B .
3. From Table 1, it is easy to check that for m  B , inequalities (5.10), (5.11) imply inequali-
ties (5.1), (5.6). From Proposition 5.2, there exists a primitive normal polynomial of degree n over
Fq with the mth coeﬃcient prescribed as zero for m B .
This ﬁnishes the proof. 
Given τ , denote τ the square-free part of τ . We call (s0, p1, . . . , ps) a decomposition of qn − 1
if qn − 1 = p1 · · · ps0 ps0+1 · · · ps , where p1 < · · · < ps are all prime factors of qn − 1. On the other
hand, we call (l0,M1, . . . ,Ml) a decomposition of xn − 1 if xn − 1 = M1 · · ·Ml0Ml0+1 · · ·Ml , where
M1, . . . ,Ml ’s are all monic irreducible factors of xn −1, deg(M1) · · · deg(Ml). For simplicity, denote
sˆ = s − s0, lˆ = l − l0.
Next we give some complementary divisors of (qn − 1, xn − 1).
Proposition 5.5. Assume that (s0, p1, . . . , ps) is a decomposition of qn − 1 and (l0,M1, . . . ,Ml) is a decom-
position of xn −1. Suppose that inequalities (5.14), (5.15) hold or inequalities (5.16), (5.17) hold, or inequalities
(5.18), (5.19) hold. Then for 1 m < n, there exists a primitive normal polynomial of degree n over Fq with
the mth coeﬃcient prescribed.
Proof. Denote M0 = M1 · · ·Ml0 , δ0 = p1 · · · ps0 . For 1  i  sˆ = s − s0, let τi = (δ0ps0+i,M0). For 1 
i  lˆ = l − l0, let τs−s0+i = (δ0,M0Ml0+i). Then τ1, τ2, . . . , τsˆ+lˆ is a set of complementary divisors of
τ = (qn − 1, xn − 1) with common divisor (δ0,M0). We have
θ(ρi) = θ(ps0+i) =
ps0+i − 1
ps0+i
for 1 i  sˆ,
and
θ(ρsˆ+i) = θ(Ml0+i) =
qdeg(Ml0+i) − 1
qdeg(Ml0+i)
for 1 i  lˆ.
On the other hand, ω(ρi) = 1 for 1 i  sˆ + lˆ. Suppose that
θ∗ =
sˆ+lˆ∑
i=1
θ(ρi) − (sˆ + lˆ − 1) = 1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdeg Mi
> 0 (5.14)
and
q
n−5
6 >
(
lˆ + sˆ − 1
θ∗
+ 2
)
· 2s0+l0 ·
(
2n − 2
3
)2
. (5.15)
From Table 1, we have inequalities (5.10), (5.11) hold. Consider the following two special cases.
1. Suppose δ0 = qn − 1, i.e., s0 = s. In this case, suppose
θ∗ = 1−
l∑
i=l0+1
1
qdeg Mi
> 0 (5.16)
and
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n−5
6 >
(
l − l0 − 1
1−∑li=l0+1 1qdeg Mi + 2
)
· 2l0+ω(qn−1) ·
(
2n − 2
3
)2
. (5.17)
Then inequalities (5.10), (5.11) hold.
2. Suppose M0 = xn − 1, i.e., l0 = l. In this case, suppose
θ∗ = 1−
s∑
i=s0+1
1
pi
> 0 (5.18)
and
q
n−5
6 >
(
s − s0 − 1
1−∑si=s0+1 1pi + 2
)
· 2s0+ω(xn−1) ·
(
2n − 2
3
)2
. (5.19)
Then inequalities (5.10), (5.11) hold.
This ﬁnishes the proof. 
Next we will consider when inequality (5.8) holds or inequalities (5.14), (5.15) hold or inequalities
(5.16), (5.17) hold, or inequalities (5.18), (5.19) hold. We will deal with the cases q > n, the case q n,
q 16 and the case q < 16 in the next three sections respectively.
6. Computation I: The case q> n
In this case, we ﬁrst get special cases of inequalities (5.14), (5.15) and inequalities (5.16), (5.17).
Proposition 6.1. Let the notations be deﬁned as above. Assume that q > n. Suppose that inequalities (6.1),
(6.2) hold or inequality (6.5) holds or inequality (6.7) holds. Especially, for n  q − 1, suppose that inequalities
(6.3), (6.4) or inequality (6.6) holds. Then for 1m < n, there exists a primitive normal polynomial of degree
n over Fq with the mth coeﬃcient prescribed.
Proof. In this case, choose M0 = 1, i.e., l0 = 0. It is easy to see that l n and deg(Mi) 1 for 1 i  l.
Suppose that
θ∗ = 1−
s∑
i=s0+1
1
pi
−
l∑
i=1
1
qdeg Mi
 1− n
q
−
s∑
i=s0+1
1
pi
> 0 (6.1)
and
q
n−5
6 >
(
l + s − s0 − 1
1− nq −
∑s
i=s0+1
1
pi
+ 2
)
· 2s0 ·
(
2n − 2
3
)2
. (6.2)
Then inequalities (5.14), (5.15) hold. Especially, if n  q − 1, then d1  n/2, DS2  n/2, where d1,DS2
denote the number of distinct monic irreducible factors of xn − 1 over Fq of degree 1 and degree  2
respectively. Suppose that
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s∑
i=s0+1
1
pi
−
l∑
i=1
1
qdeg Mi
 1−
s∑
i=s0+1
1
pi
− n
2q
− n
2q2
> 1− n + 1
2q
−
s∑
i=s0+1
1
pi
> 0 (6.3)
and
q
n−5
6 >
(
l + s − s0 − 1
1− n+12q −
∑s
i=s0+1
1
pi
+ 2
)
· 2s0 ·
(
2n − 2
3
)2
. (6.4)
Then inequalities (5.14), (5.15) hold.
On the other hand, choose s0 = s, i.e., δ0 = qn − 1 and M0 = 1. Since q > n, deg(Mi) 1, so
θ∗ = 1−
l∑
i=1
1
qdeg Mi
 1− n
q
> 0.
Suppose that
q
n−5
6 >
nq − 2n + q
q − n · 2
ω(qn−1) ·
(
2n − 2
3
)2
. (6.5)
Especially, if n  q − 1, then
θ∗  1− n + 1
2q
> 0.
Suppose that
q
n−5
6 >
(
l − 1
1− n+12q
+ 2
)
· 2ω(qn−1) ·
(
2n − 2
3
)2
. (6.6)
Then inequalities (5.16), (5.17) hold. Finally, the following inequality
q
n−29
6 >
4
9
· 2ω(qn−1). (6.7)
implies inequality (6.5). This ﬁnishes the proof. 
Next we investigate when inequality (6.7), inequality (6.5) and inequalities (6.1), (6.2) hold. Espe-
cially, for n  q − 1, we check when inequality (6.6) and inequalities (6.3), (6.4) hold.
We ﬁrst give an upper bound for ω(qn − 1) for later use. From Lemma 2.6 of [14], if l > 1 is an
integer and Λ is a set of primes less than l such that each prime divisor r < l of qn − 1 is contained
in Λ, then with L = L(Λ) =∏s∈Λ s and |Λ| being the cardinality of Λ it holds that
ω
(
qn − 1) log(qn − 1) − log L
log l
+ |Λ|. (6.8)
Next we give a lemma from [2].
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W (h) = 2ω(h) < h1/12.
The proof of the above lemma is quite easy. We only need to list the ﬁrst 1547 prime numbers
and verify the inequality. Next we give the following theorem.
Theorem 6.3. Let n 15 be a positive integer and q a prime power such that q > n. Suppose that
1. n 131; or
2. ω(qn − 1) 1547.
Then for 1 m < n, there exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient
prescribed.
Proof. For different n, we will check different inequality(ies).
1. Suppose n 131. In this case, we consider when inequality (6.7) hold. From inequality (6.8), we
only need to check
(
n − 29
6
− n
log l
)
logq > 2− 2 log3+ |Λ| − log L
log l
(6.9)
holds for some suitable choice of l, Λ. For n 131, choose l = 654 and let Λ be the set of all primes
less than l. It is easy to check that inequality (6.9) does not hold implies q 131 n, which deduces
a contradiction with q > n. So there is no exception for n 131.
2. Suppose n  15 and ω(qn − 1)  1547. From Lemma 6.2, 2ω(qn−1) < q n12 . We consider when
inequality (6.5) hold. Since
nq − 2n + q
q − n =
(n + 1)(q − n) + (n2 − n)
q − n  (n + 1) +
(
n2 − n)= n2 + 1,
it is easy to check that
(
n − 10
12
)
logq > log
(
n2 + 1)+ 2 log(n − 1) + 2− 2 log3 (6.10)
implies inequality (6.5). For this case, deﬁne
R(x) = 12
x− 10
(
log
(
x2 + 1)+ 2 log(x− 1) + 2− 2 log3), x 11,
with the aim to give the bound of q such that logq > R(n). For x 11,
R ′(x) = − 12
(x− 10)2
(
log
(
x2 + 1)+ 2 log(x− 1) − 2x(x− 10)
x2 + 1 −
2(x− 10)
x− 1 + 2− 2 log3
)
< 0,
so R(x) is decreasing. We can check that R(56) = 5.741208, so that for n  56, if q  2R(56) =
54 then inequality (6.5) holds. Next we continue to consider the case of 15  n  55. As R(15) =
34.23591, inequality (6.5) holds provided q  2R(15). On the other hand, suppose q < 2R(15) and
additionally n 55, we have ω(qn − 1) 217 < 1547. So there exists no exception in this case.
Combining the above we ﬁnish the proof. 
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The possible exceptions of q > n, 21 n 130.
a = 0 a = 0
(q,n) m (q,n) m
(23,22) 8,9 (23,22) 8
(25,24) 9,10 (25,24) 9,10
(27,26) 10
(31,30) 11
Next we continue to consider the case 15  n  130, ω(qn − 1)  1546. We will deal with the
cases 21 n 130 and n = 15,16,17,18,19,20 respectively.
We ﬁrst give a lemma.
Lemma 6.4. Let x 15. Suppose that k, c,α,β  0 be constants such that log(kx+ c) > 0. Then the function
R(x) = 6
x− 5
(
log(kx+ c) + 2 log(x− 1) + αx+ β)
is decreasing for x 15.
Proof. We can check that
R ′(x) = − 6
(x− 5)2
(−k(x− 5)
kx+ c −
2(x− 5)
(x− 1) + log(kx+ c) + 2 log(x− 1) + β + 5α
)
.
If x 15, then
−k(x− 5)
kx+ c −
2(x− 5)
(x− 1) + log(kx+ c) + 2 log(x− 1) + β + 5α −3+ 2 log14> 0.
So R ′(x) < 0 for x 15, which means R(x) is decreasing. 
Theorem 6.5. Let 21  n  130 be a positive integer and q a prime power such that q > n. Suppose that
ω(qn − 1)  1546. Then for any a ∈ Fq and any 1  m < n, there exists a primitive normal polynomial of
degree n over Fq with the mth coeﬃcient prescribed as a except the following possible (q,n,m,a)’s listed in
Table 2.
Proof. Suppose w(qn − 1) 1546, 21 n 130. We ﬁrst consider when inequalities (6.1), (6.2) hold.
Assume that ω(qn − 1) 11. Let s0 = 11. From Lemma 6.4, it can be checked that if q 6698, then
θ∗  1− n
q
−
s∑
i=s0+1
1
pi
 1− 130
6698
−
1546∑
i=12
1
P [i] = 0.0355198> 0,
where P [i] is the ith prime and
q
n−5
6  (6698) n−56 >
(
1534+ n
0.0355198
+ 2
)
· 2s0 ·
(
2n − 2
3
)2
,
which means inequalities (6.1), (6.2) hold. On the other hand, if ω(qn −1) < 11, then q 6698 implies
inequality (6.5) holds. In both cases, we have Conjecture 1.3 holds for q 6698. Next we consider the
case q  6697 which implies ω(qn − 1) 195. For the case ω(qn − 1) 195, repeat the above steps
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The sieve process: q > n, w(qn − 1) 1546, 21 n 130.
w s0 q
1546 11 6697
195 7 990
159 7 848
Table 4
The sieve process: q 848, q > n, n  q − 1, 21 n 130.
76 n 130 50 n 75 42 n 49 28 n 41 21 n 27
w s0 q w s0 q w s0 q w s0 q w s0 q
156 50 84 99 20 60 71 14 46 61 7 82 44 4 177
77 40 48 55 16 43 42 12 36 44 6 69 36 4 155
as we deal with the case ω(qn − 1)  1546. Finally we get Conjecture 1.3 holds for q  848. The
processes of the sieve techniques are listed in Table 3.
Next we consider the case q  848. First assume that n  q − 1. In this case, we consider when in-
equalities (6.3), (6.4) hold. We consider the cases 76 n 130, 50 n 75, 42 n 49, 28 n 41
and 21 n 27 respectively and only take the case 76 n 130 as an example to illustrate the sieve
process. For 76 n 130, q 848 implies ω(qn − 1) 156. Assume that ω(qn − 1) 50. Let s0 = 50.
It is easy to check that if q > max{84,n}, we have
θ∗  1− n + 1
2q
−
s∑
i=s0+1
1
pi
 1− 131
2 · 85 −
156∑
i=51
1
P [i] = 0.010878> 0
and
q
n−5
6  (85) n−56 >
(
105+ 34n
0.010878
+ 2
)
· 2s0 ·
(
2n − 2
3
)2
,
where P [i] is the ith prime and l  34n if n  q − 1. So we have inequalities (6.3), (6.4) hold. On the
other hand, if ω(qn − 1) < 50, then q > max{84,n} implies inequality (6.6) holds. In both cases, we
have Conjecture 1.3 holds for q > max{84,n}. Next we consider the case q 84 which implies n 83
and thus ω(qn −1) 77. For this case ω(qn −1) 77, repeat the above steps as we deal with the case
ω(qn − 1) 156. We ﬁnally get Conjecture 1.3 holds for q > max{48,n}. Since q  48 < 76 n, there
exists no exception in this case. The other cases are similar and the process of the sieve techniques
are listed in Table 4. From Table 4, for the case n  q − 1, the possible exceptions are 21  n  27,
q 155 and 28 n 41, q 69.
Now we consider the case n | q − 1. In this case xn − 1 = M1 · · ·Mn . It is easy to check that if
θ∗ = 1− n − l0
q
−
s∑
i=s0+1
1
pi
> 0 (6.11)
and
q
n−5
6 >
(
n − l0 + s − s0 − 1
θ∗
+ 2
)
· 2s0+l0 ·
(
2n − 2
3
)2
(6.12)
hold for some 0  l0  n, then inequalities (5.14), (5.15) hold and thus Conjecture 1.3 holds. Now
we consider when the inequalities (6.11), (6.12) hold. Similarly we consider the cases 72  n  130,
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The sieve process: q 848, q > n, n | q − 1, 21 n 130.
72 n 130 53 n 71 40 n 52 30 n 39 21 n 29
w s0 l0 q w s0 l0 q w s0 l0 q w s0 l0 q w s0 l0 q
156 25  2n5  130 95 29 0 96 74 16 0 85 59 9 0 95 47 5 0 226
119 21  2n5  98 53 16 0 77 43 8 0 84 40 5 0 207
90 18  2n5  77
71 17  2n5  67
Table 6
The choice of (s0, l0) for only factoring xn − 1, q > n, 21 n 130.
(q,n) (s0, l0) (q,n) (s0, l0)
(27,39) (8,1) (67,22), (49,32) (5,0)
(61,23) (3,0) (61,30), (61,40), (67,33), (71,35), (64,42) (7,0)
(73,36), (79,39) (7,2) (83,41) (7,3)
(64,63) (16,21) (67,66) (12,28)
(71,70) (12,31) the remaining cases (4,0)
53 n 71, 40 n 52, 30 n 39, 21 n 29 respectively and take 72 n 130 as an example
to illustrate the sieve process. First we assume ω(qn − 1) 25. Let s0 = 25 and l0 =  2n5 . Then
θ∗ = 1− n − 
2n
5 
q
−
s∑
i=s0+1
1
pi
 1− 3
5
−
156∑
i=26
1
P [i] = 0.017253> 0.
It is easy to check if q 131,
q
n−5
6  (131) n−56 >
(
130+ n − 2n/5
0.017253
+ 2
)
· 2s0+l0 ·
(
2n − 2
3
)2
and thus inequalities (6.11), (6.12) hold, where P [i] is the ith prime. On the other hand, if ω(qn −1) <
25, then q  131 implies inequalities (6.11), (6.12) hold for s0 = ω(qn − 1), l0 =  2n5 . In both cases,
we have Conjecture 1.3 hold for q  131. Next we consider the case q  130 which implies n  129
and thus ω(qn − 1)  119. For the case ω(qn − 1)  119, repeat the above steps as we deal with
the case ω(qn − 1)  156. We ﬁnally get Conjecture 1.3 holds for q > max{67,n}. So there is no
exception in this case. The other cases are similar and the processes of the sieve techniques are listed
in Table 5.
For the possible exceptions listed in Tables 4 and 5, let (Pn,Cn) be deﬁned as in Eq. (5.9). We ﬁrst
factor xn − 1 over Fq (easy) to check whether the inequalities
θ∗ = 1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdeg Mi
> 0, (6.13)
qPn 
(
s − s0 + l − l0 − 1
θ∗
+ 2
)
· 2s0+l0 · (Cn)2 (6.14)
hold, i.e., inequalities (5.10), (5.11) hold for some s0 = 0,1, . . . ,ω(qn − 1) and l0 = 0,1,2, . . . , l =
ω(xn − 1). We ﬁnally get that for 1m < n, there exists a primitive normal polynomial of degree n
with the mth coeﬃcient prescribed except the possible (q,n)’s listed in Table 7, the choice of s0, l0
are listed in Table 6.
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The possible exceptions of q > n, 21 n 130 after only factoring xn − 1.
n = 21 q = 23,25,27,29,31,32,37,41,43,47,49,53,64,71
n = 22 q = 23,25,27,29,31,32
n = 23 q = 25,27,29,31,32,37,41,43,47,49,53,59
n = 24 q = 25,27,29,31,32,37,41,43,49,73
n = 26 q = 27,29,31,32,37,53,79
n = 28 q = 29,43
(q,n) (59,29), (31,30), (32,31), (37,36), (41,40), (43,42), (47,46), (49,48), (53,52), (59,58), (61,60)
For the remaining possible exceptions, i.e., the (q,n)’s listed in Table 7, let B, B0 be deﬁned as
before (in Proposition 5.3). For the case 1m < B , a = 0, and the case 1m < B0, a = 0 (Standard
Problem, S-P), factor qn − 1 and M to check whether the inequalities (6.13),
q
n+1
2 −m >
(
s − s0 + l − l0 − 1
θ∗
+ 2
)
· 2s0+l0 ·m2 ·
(
1+ 1
m
√
q
)
(6.15)
hold for some s0 = 0,1, . . . , s = ω(qn − 1), l0 = 0,1, . . . , l = ω(M). For the case B  m < n, a = 0
(Norm Problem, N-P), factor Q and xn − 1 to check whether the inequalities (6.13) and
q
n−1
2 − n−m2  >
(
s − s0 + l − l0 − 1
θ∗
+ 2
)
· 2s0+l0 · (q − 1) · (n −m + 1) ·
(
n −m + 1√
q
)
(6.16)
hold for some s0 = 0,1, . . . , s = ω(Q ), l0 = 0,1, . . . , l = ω(xn − 1). For the case B0  m < n, a = 0
(Zero Problem, Z-P), factor qn − 1 and xn − 1 to check whether the inequalities (6.13) and
q
n−2
2 − n−m2  >
(
s − s0 + l − l0 − 1
θ∗
+ 2
)
· 2s0+l0 · (n −m + 1) (6.17)
hold for some s0 = 0,1, . . . , s = ω(qn − 1), l0 = 0,1, . . . , l = ω(xn − 1). The choice of (s0, l0) are listed
in Table 10. We ﬁnally get that if n  21 and q > n, then for any a ∈ Fq and any 1 m < n, there
exists a primitive normal polynomial of degree n with the mth coeﬃcient prescribed as a except the
possible (q,n,m,a)’s listed in Table 2. 
Next we deal with the case n = 15,16,17,18,19,20. We will give a more careful analysis.
Theorem 6.6. Let n = 15,16,17,18,19,20 and q a prime power such that q > n. Suppose that ω(qn − 1)
1546. Then for any a ∈ Fq and any 1m < n, there exists a primitive normal polynomial of degree n over Fq
with the mth coeﬃcient prescribed as a except the following possible (q,n,m,a)’s listed in Table 8.
Proof. Denote by d1 and DS2 the number of distinct irreducible factors of xn − 1 of degree 1, and
degree  2 respectively and l = ω(xn − 1). Choose l0 = 0 and let (Pn,Cn) be deﬁned as in Eq. (5.9).
Suppose that
θ∗  1− d1
q
− DS2
q2
−
s∑
i=s0+1
1
pi
> 0, (6.18)
and
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The possible exceptions of q > n, n = 15,16,17,18,19,20.
n,a q,m
n = 15, a = 0 q = 16, 4m 11
q = 17,19,23,25,29,31,37, m = 7
q = 17,19,23,25,27,29,31,37,41,49,61, m = 6
n = 15, a = 0 q = 16, 4m 9
n = 16, a = 0 q = 17, m = 5,9,10
q = 17,19,23,25, m = 6
q = 17,19,23, m = 7
q = 17,23, m = 8
n = 16, a = 0 q = 17, m = 5,7,8
q = 17,19,23,25,29, m = 6
n = 17, a = 0 q = 19,23,25,27, m = 7
n = 18, a = 0 q = 19,23,25,29,37, m = 8
q = 19,23,25,29,31,37, m = 7
q = 19, m = 6,9,10
n = 18, a = 0 q = 19, m = 6,7,8
n = 20, a = 0 q = 23,25,27,29,31,41, m = 8
qPn 
(
s − s0 + l − 1
θ∗
+ 2
)
· 2s0 · (Cn)2. (6.19)
Then inequalities (5.10), (5.11) hold, i.e., for 1 m < n, there exists a primitive normal polynomial
with the mth coeﬃcient prescribed. For different n = 15, . . . ,20 and different q = nk + d, we have
different bounds of d1, DS2, l, where 0  d  n − 1 and k a positive integer. We only consider the
worst case for simplicity. Since DS2  n−d12 , it is easy to check d1/q + DS2/q2  n/q and l  n. So we
only need to consider the worst case (d1,DS2, l) = (n,0,n). We take n = 15 as an example to illustrate
the sieve process. Consider those (q,n)’s such that ω(qn −1) 1546. First assume ω(qn −1) 11. Let
s0 = 11. It is easy to check if q 68536, then
1− 15
q
−
s∑
i=s0+1
1
pi
 1− 15
68536
−
1546∑
i=12
1
P [i] = 0.054709> 0,
where P [i] is the ith prime,
q
n−3
6  (68536) n−36 >
(
1549
0.054709
+ 2
)
· 2s0 ·
(
2n
3
− 1
)2
and thus inequalities (6.18), (6.19) hold. On the other hand, if ω(qn − 1) < 11, let s0 = s, then q 
68536 implies inequalities (6.18), (6.19) hold too. In both cases, we have inequalities (6.18), (6.19)
hold. Reconsider those q  68535 which implies ω(qn − 1)  41. For ω(qn − 1)  41, repeat the
above steps as we deal with the case ω(qn − 1) 1546, we ﬁnally get Conjecture 1.3 does not hold
implies q  qB = 380. The other cases n = 16,17,18,19,20 are similar and the process of the sieve
techniques are listed in Table 9. Notice that we can get a better result if we give a more careful
analysis for (d1,DS2, l)’s.
Next we continue to consider the possible exceptions q qB . Let (B, B0) = (7,6), (7,7), (8,7), (8,7),
(8,8), (9,8) for n = 15,16,17,18,19,20 respectively. As we did in Theorem 6.5, choose (s0, l0) as
listed in Table 10, for 1 m < B , a = 0 and the case 1 m < B0, a = 0, we factor qn − 1 and M to
check whether the inequalities (6.13), (6.15) hold. For the case B m < n, a = 0, we factor Q and
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The sieve process: q > n, w(qn − 1) 1546, n = 15,16,17,18,19,20.
n = 15 n = 16 n = 17
ω s0 qB ω s0 qB ω s0 qB
1546 11 68535 1546 11 8148 1546 11 76202
41 4 543 37 4 176 46 4 679
27 3 380 24 4 135 30 3 483
n = 18 n = 19 n = 20
ω s0 qB ω s0 qB ω s0 qB
1546 11 8804 1546 11 2149 1546 11 9448
41 4 208 37 5 106 44 4 239
27 4 160 26 4 86 30 4 186
Table 10
The choice of (s0, l0) for the possible remaining cases, q > n, 15 n 130.
(q,n) S-P N-P Z-P (q,n) S-P N-P Z-P
(s0, l0) (s0, l0) (s0, l0) (s0, l0) (s0, l0) (s0, l0)
(23,22) (3,0) (3,0) (3,0) (25,24) (2,0) (2,0) (2,0)
(32,24) (4,2) (3,1) (4,2) (27,26) (4,0) (2,0) (4,0)
(29,28) (4,0) (2,0) (4,0) (31,30) (4,4) (3,1) (5,4)
(37,36) (6,5) (6,5) (6,5) (41,40) (6,5) (6,5) (6,5)
(43,42) (6,5) (6,5) (6,5) (47,46) (6,5) (6,5) (6,5)
(49,48) (6,5) (6,5) (6,5) (53,52) (6,5) (6,5) (6,5)
(59,58) (6,5) (6,5) (6,5) (61,60) (6,5) (6,5) (6,5)
(16,15) (5,0) (5,0) (5,0) (32,15) (0,0) (0,0) (2,0)
(17,16) (3,0) (0,0) (3,0) (27,16) (1,0) (0,0) (2,0)
(29,16) (2,0) (1,0) (2,0) (29,17) (0,0) (0,0) (2,0)
(19,18) (4,0) (4,0) (4,0) (41,20) (4,0) (4,0) (4,0)
the remaining cases (2,0) (0,0) (2,0)
xn − 1 to check whether the inequalities (6.13), (6.16) hold. For the case B0 m < n, a = 0, we factor
qn − 1 and xn − 1 to check whether the inequalities (6.13), (6.17) hold. We ﬁnally get that if q > n,
n = 15,16,17,18,19,20, then for any a ∈ Fq and any 1m < n, there exists a primitive normal poly-
nomial of degree n with the mth coeﬃcient prescribed as a except the possible (q,n,m,a)’s listed in
Table 8. This ﬁnishes the proof. 
7. Computation II: The case q n, q 16
In this section, we deal with the case q  n, q  16. In order to deal with this case, we ﬁrst give
an upper bound of l = ω(xn − 1). Denote by d1, d2, DS2, DS3 the number of monic irreducible divisors
of xn − 1 over Fq of degree 1, degree 2, degree  2 and degree  3 respectively. We ﬁrst give the
following simple lemma.
Lemma 7.1. Assume that q n.
1. Suppose that q n q2 .
• Suppose n = 2(q − 1). Then d1 = n2 , DS2  n4 , ω(xn − 1) 3n4 .
• Suppose n = k(q − 1), k = 32 ,3. Then d1 = n3 , DS2  n3 , ω(xn − 1) 2n3 .
• Suppose n = k(q − 1), k = 32 ,2,3. Then d1  n4 , DS2  n2 , ω(xn − 1) 5n8 .
2. Suppose that q2 < n. Then d1 <
√
n, ω(xn − 1) < 5n12 +
√
n
2 .
Proof. Notice d1 = (q − 1,n), d1 + 2d2 = (q2 − 1,n).
1. Suppose that q n q2.
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DS2  n−d12 , l = ω(qn − 1) d1 + DS2  d12 + n2 . So l 34n for k = 2 and l 23n for k = 32 ,3.
• Suppose that n = k(q − 1), k = 32 ,2,3. Then d1 = (n,q − 1) n4 and thus l 58n.
2. Suppose that q2 < n. Then d1 = (q − 1,n) q − 1 < √n, d1 + 2d2 = (q2 − 1,n) n2 . Since DS3 
n−d1−2d2
3 . Then
l = ω(qn − 1)= d1 + d2 + DS3  n
3
+ d1 + 2d2
6
+ d1
2
<
5n
12
+
√
n
2
.
This ﬁnishes the proof. 
From the above lemma, we have the following proposition.
Proposition 7.2. Assume that q n q2 . Suppose that
1. for n = 2(q − 1), inequality (7.2) holds or inequalities (7.4), (7.6) hold;
2. for n = 32 (q − 1), inequality (7.3) holds or inequalities (7.4), (7.7) hold;
3. for n = 3(q − 1), inequality (7.3) holds or inequalities (7.5), (7.8) hold;
4. for n = k(q − 1), k = 32 ,2,3, inequality (7.9) holds or inequalities (7.10), (7.11) hold.
Then for 1 m < n, there exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient
prescribed.
Proof. Let d1 be the number of distinct monic divisors of xn − 1 of degree 1 over Fq . Suppose that
(s0, p1, . . . , ps) be a decomposition of qn − 1 and (l0 = d1,M1, . . . ,Ml) be a decomposition of xn − 1.
1. Suppose that n = k(q − 1), k = 32 ,2,3. We have
DS2
q2
<
{
1/2q if k = 32 ,2;
1/q if k = 3.
For k = 32 ,2,
θ∗ = 1−
l∑
i=l0+1
1
qdeg Mi
 1− DS2
q2
> 1− 1
2q
> 0,
and for k = 3,
θ∗ = 1−
l∑
i=l0+1
1
qdeg Mi
 1− DS2
q2
> 1− 1
q
> 0.
So if we have
q
n−5
6 >
(
2n − 2
3
)2
·
(
DS2 − 1
θ∗
+ 2
)
· 2ω(qn−1)+d1 , (7.1)
Then inequalities (5.16), (5.17) hold. We can easily check
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θ∗
+ 2
{
q if k = 2;
2q if k = 32 ,3
and
(
2n − 2
3
)2

{
16
9 q
2 if k = 2;
4q2 if k = 32 ,3.
Thus for k = 2, suppose that
q
n−23
6 >
16
9
· 2ω(qn−1)+ n2 ; (7.2)
and for k = 32 ,3, suppose that
q
n−23
6 > 8 · 2ω(qn−1)+ n3 . (7.3)
Then inequality (7.1) hold. Furthermore, assume that
θ∗ = 1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdeg Mi
 1− 1
2q
−
s∑
i=s0+1
1
pi
> 0, (7.4)
for k = 32 ,2 and
θ∗ = 1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdeg Mi
 1− 1
q
−
s∑
i=s0+1
1
pi
> 0, (7.5)
for k = 3. Then if for k = 2,
q
n−5
6 >
( n
4 + s − s0 − 1
1− 12q −
∑s
i=s0+1
1
pi
+ 2
)
· 2s0+ n2 ·
(
2n − 2
3
)2
; (7.6)
for k = 32 ,
q
n−5
6 >
( n
3 + s − s0 − 1
1− 12q −
∑s
i=s0+1
1
pi
+ 2
)
· 2s0+ n3 ·
(
2n − 2
3
)2
; (7.7)
and for k = 3,
q
n−5
6 >
( n
3 + s − s0 − 1
1− 1q −
∑s
i=s0+1
1
pi
+ 2
)
· 2s0+ n3 ·
(
2n − 2
3
)2
, (7.8)
then inequalities (5.14), (5.15) hold. From Proposition 5.5, for 1  m < n, there exists a primitive
normal polynomial of degree n over Fq with the mth coeﬃcient prescribed.
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The possible exceptions of q n q2, q 16.
a = 0
q (n,m)
16 (17,7), (18,7), (18,8), (20,8), (21,8), (21,9), (30,11), (30,12)
17 (17,7), (18,7), (18,8), (20,8), (24,9), (24,10), (32,12)
19 (20,8), (24,9)
2. Suppose that n = k(q − 1), k = 32 ,2,3. From Lemma 7.1, l0  n4 , DS2  n2 . Since
θ∗ = 1−
l∑
i=l0+1
1
qdeg Mi
 1− DS2
q2
 1− n/2
q2
 1
2
> 0,
and DS2−1
θ∗ + 2
n
2−1
1
2
+ 2 = n, so if we have
q
n−5
6 >
(
2n − 2
3
)2
· n · 2ω(qn−1)+ n4 , (7.9)
then inequalities (5.16), (5.17) hold. Furthermore, suppose that
θ∗ = 1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdeg Mi
 1−min
{
1
2
,
n
2q2
}
−
s∑
i=s0+1
1
pi
> 0 (7.10)
and
q
n−5
6 >
( n
2 + s − s0 − 1
θ∗
+ 2
)
· 2s0+ n4 ·
(
2n − 2
3
)2
. (7.11)
Then inequalities (5.14), (5.15) hold. From Proposition 5.5, for 1  m < n, there exists a primitive
normal polynomial of degree n over Fq with the mth coeﬃcient prescribed.
This ﬁnishes the proof. 
For different (n,q), we will check different inequalities.
Theorem 7.3. Let n  15 be a positive integer and q  16 a prime power such that q  n  q2 . Then for
any a ∈ Fq and any 1 m < n, there exists a primitive normal polynomial of degree n over Fq with the mth
coeﬃcient prescribed as a except the following possible (q,n,m,a)’s listed in Table 11.
Proof. We will deal with the case n = k(q − 1) and n = k(q − 1), k = 32 ,2,3 respectively.
1. Suppose n = k(q − 1), k = 32 ,2,3. In this case, we ﬁrst check when inequality (7.2) holds for
k = 2 and when inequality (7.3) holds for k = 32 ,3. From inequality (6.8), it is easy to check that
(
n − 23
6
− n
log l
)
logq > |Λ| − log L
log l
+ n
2
+ 4− 2 log3 (7.12)
and
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The sieve process of the case q n q2, q 16.
n = 2(q − 1) n = 32 (q − 1) n = 3(q − 1)
(lB ,nB ) = (3252,600) (lB ,nB ) = (1694,394) (lB ,nB ) = (1694,394)
w s0 q w s0 q w s0 q
489 8 43 335 8 41 335 8 25
68 4 37 52 4 31 52 4 19
n = k(q − 1), k = 32 ,2,3
n = k(q − 1),q 43 n = k(q − 1),29 q 41 n = k(q − 1),16 q 27
w s0 n w s0 n w s0 n
662 15 68 405 31 111 363 28 143
63 5 43 84 5 52 94 8 81
40 4 41 46 4 47 60 5 70
53 5 69
(
n − 23
6
− n
log l
)
logq > |Λ| − log L
log l
+ n
3
+ 3 (7.13)
implies inequality (7.2) and inequality (7.3) respectively. So we only need to investigate when inequal-
ity (7.12) holds for k = 2 and inequality (7.13) holds for k = 32 ,3. Choose l = lB and let Λ be the set
of all primes less than lB . It is easy to check that for n  nB and q  nBk + 1, inequality (7.12) or
inequality (7.13) holds. We continue to consider q < nBk + 1 for n nB . But n = k(q− 1) does not hold
in this case. Combining the above, Conjecture 1.3 holds for n  nB . Take n = 2(q − 1) as an example.
In this case, choose lB = 3252, then for n 600, q 301, inequality (7.12) hold. For n 600, q 300,
n = 2(q − 1) does not hold. So Conjecture 1.3 holds for n  600. The lB , nB of the other cases are
listed in Table 12. Next we continue to consider the case n < nB . In this case, we check when the
inequalities (7.4), (7.6) hold for k = 2, the inequalities (7.4), (7.7) hold for k = 32 , and the inequalities
(7.5), (7.8) hold for k = 3. We also take the case n = 2(q − 1) as an example. Consider the remaining
case n  598, which means q = n2 + 1  300 and thus ω(qn − 1)  489. Assume ω(qn − 1)  8. Let
s0 = 8. From Lemma 6.1, it is easy to check if q 47, i.e., n 92, then
1− 1
2q
−
s∑
i=s0+1
1
pi
 1− 1
2 · 47 −
489∑
i=9
1
P [i] = 0.082618> 0,
q
n−5
6  (47) n−56 >
(
480+ n4
0.082618
+ 2
)
· 28+ n2 ·
(
2n − 2
3
)2
,
and thus inequalities (7.4), (7.6) hold, where P [i] is the ith prime. On the other hand, if ω(qn −1) 7,
then q  47, n  92 implies inequality (7.1) holds. Next we continue to consider the case q  43,
n  84 which implies ω(qn − 1) 68. Repeat the above steps and we ﬁnally get that q  41 implies
Conjecture 1.3 holds, i.e., the possible exceptions are q 37. The other cases n = k(q− 1), k = 32 ,3 are
similar and the sieve process are listed in Table 12.
2. Suppose n = k(q − 1), k = 32 ,2,3. In this case, we ﬁrst check when inequality (7.9) holds. From
inequality (6.8), we only need to check
(
n − 5
6
− n
log l
)
logq > 2 log
(
2n − 2
3
)
+ logn + |Λ| − log L
log l
+ n
4
. (7.14)
Choose lB = 2138 and let Λ be the set of all primes less than lB . It is easy to check that for n 737
and q  28, inequality (7.14) holds. We continue to consider q  27 for n  737. But in this case,
n 737 > 272  q2. Combining the above, if n 737, then Conjecture 1.3 holds. Next we continue to
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The choice of (s0, l0) for only factoring xn − 1, q n q2, q 16.
q n (s0, l0) q n (s0, l0)
16 50,55,65,70 (5,1) 25 40,56,60,64,66 (5,5)
16 60 (5,10) 25 36 (7,0)
17 36,60 (5,0) 27 39 (5,5)
17 40 (5,2) 27 65 (6,3)
17 56,68 (5,3) 29 42 (5,5)
17 64 (5,11) 31 40,45 (5,5)
19 42,45,48,60,63,66 (5,3) 37 72 (5,27)
23 55 (5,16) the remaining cases (4,0)
Table 14
The possible exceptions of q  n  q2, q  16
after only factoring xn − 1.
q = 16 16 n 30,n = 32,33,35,45
q = 17 17 n 30,n = 32,48
q = 19 19 n 27,n = 29,30,32,36,54
q = 23 n = 23,24,26,27,29,33,44
q = 25 n = 26,27,29,32,48
(q,n) (27,52), (29,56), (31,60), (32,62)
consider the case n  736. In this case, we check when the inequalities (7.10), (7.11) hold. We divide
it into three cases, i.e., q  43, 29  q  41 and 16  q  27. We only take the case q  43 as an
example to illustrate the sieve process. Since q  n  736, we have ω(qn − 1)  662. Assume that
ω(qn − 1) 15. Let s0 = 15. It is easy to check for q 43,
θ∗  1− n
2q2
−
s∑
i=s0+1
1
pi
 1− 736
2 · 432 −
662∑
i=16
1
P [i] = 0.058837> 0.
Further if n 69, then
q
n−5
6  (43) n−56 >
( n
2 + 646
0.058837
+ 2
)
· 2 n4+15 ·
(
2n − 2
3
)2
.
Thus the inequalities (7.10), (7.11) hold. On the other hand, if ω(qn − 1) < 15, then q 43 and n 69
implies inequality (7.9) holds. In both cases, Conjecture 1.3 holds. Next we consider n  68 which
implies ω(qn − 1)  63. Repeat the above steps as we deal with the case n  736, ω(qn − 1)  662.
Finally we get that n 42 implies Conjecture 1.3 holds. For n 41, since 41 n < 43 q, there exists
no exception in this case. The other cases are similar and the process of the sieve techniques are
listed in Table 12.
For the possible exceptions listed in Table 12, we ﬁrst factor xn − 1 over Fq (easy) and choose
(s0, l0) as listed in Table 13 to check whether the inequalities (6.13), (6.14) hold. We ﬁnally get that for
1m < n, there exists a primitive normal polynomial of degree n with the mth coeﬃcient prescribed
except the possible (q,n)’s listed in Table 14.
For the possible (q,n)’s listed in Table 14, let B , B0 be deﬁned as before and choose (s0, l0) as
listed in Table 15, for 1 m < B , a = 0 and the case 1 m < B0, a = 0, we factor qn − 1 and M to
check whether the inequalities (6.13), (6.15) hold. For the case B m < n, a = 0, we factor Q and
xn − 1 to check whether the inequalities (6.13), (6.16) hold. For the case B0 m < n, a = 0, we factor
qn − 1 and xn − 1 to check whether the inequalities (6.13), (6.17) hold. We ﬁnally get that if q  16,
q  n  q2, then for any a ∈ Fq and any 1  m < n, there exists a primitive normal polynomial of
degree n with the mth coeﬃcient prescribed as a except the possible (q,n,m,a)’s listed in Table 11.
This ﬁnishes the proof. 
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The choice of (s0, l0) for the possible remaining cases, q n q2, q 16.
(q,n) S-P N-P Z-P (q,n) S-P N-P Z-P
(s0, l0) (s0, l0) (s0, l0) (s0, l0) (s0, l0) (s0, l0)
(16,16) (0,0) (0,0) (2,0) (19,54) (5,1) (5,1) (5,1)
(16,30) (2,0) (4,2) (5,3) (23,24) (2,0) (1,0) (2,0)
(16,45) (2,0) (5,3) (5,3) (23,44) (4,0) (1,0) (4,0)
(17,24) (2,0) (1,0) (2,0) (25,48) (5,1) (4,0) (5,1)
(17,32) (5,0) (3,0) (5,0) (27,52) (4,0) (5,0) (4,1)
(17,36) (2,0) (1,0) (2,0) (29,56) (4,0) (4,0) (4,0)
(17,40) (2,0) (1,0) (2,0) (31,60) (10,0) (10,0) (10,0)
(17,48) (5,0) (4,1) (5,1) (32,62) (5,0) (5,0) (5,0)
(19,36) (5,1) (3,2) (5,1) the remaining cases (2,0) (0,0) (2,0)
Next we consider the case q2 < n.
Theorem 7.4. Let n 15 be a positive integer and q 16 a prime power such that q2 < n. Then for any a ∈ Fq
and any 1 m < n, there exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient
prescribed as a except the trivial case (m,a) = (1,0).
Proof. Suppose that q2 < n. From Lemma 7.1, suppose that
θ∗ = 1−
s∑
i=s0+1
1
pi
> 0, (7.15)
and
q
n−5
6 >
(
s − s0 − 1
1−∑si=s0+1 1pi + 2
)
·
(
2n − 2
3
)2
· 2 5n12+
√
n
2 +s0 . (7.16)
Especially, when s0 = s, suppose that
q
n−5
6 > 2ω(q
n−1)+ 5n12+
√
n
2 ·
(
2n − 2
3
)2
. (7.17)
Then for 1  m < n, there exists a primitive normal polynomial of degree n over Fq with the mth
coeﬃcient prescribed.
We ﬁrst check when inequality (7.17) holds. From inequality (6.8), we only need to check
(
n − 5
6
− n
log l
)
logq > 2 log
(
2n − 2
3
)
+ |Λ| − log L
log l
+ 5n
12
+
√
n
2
. (7.18)
Choose l = lB = 225224, then q  16 and n  nB = 79510 implies inequality (7.18) holds. Continue
to consider n  79509, which means q <
√
n < 282 and thus w(qn − 1)  37634. In this case we
consider when inequalities (7.15), (7.16) hold. Assume ω(qn − 1) 30. Let s0 = 30. It can be checked
that
1−
s∑
i=s0+1
1
pi
 1−
37634∑
i=31
1
P [i] = 0.0220982,
where P [i] is the ith prime. Furthermore, if n 314, then for q 16,
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The sieve process of the case q2 < n, q 16.
w s0 n
37634 30 313
157 5 155
Table 17
The bounds of ωq(xn − 1), q < 16.
q q = 2 q = 3 q = 4 q = 5 q = 7
B1q(x
n − 1) n12 + 3074 n8 + 104 n6 + 1412 n+2765 n+8995
B2q(x
n − 1) n12 + 3074 n6 + 653 n5 + 26 n+2765 n3 + 11
q q = 8 q = 9 q = 11 q = 13
B1q(x
n − 1) n+2454 n4 + 84 n4 + 145 n3 + 34
B2q(x
n − 1) n3 + 14 n+523 n3 + 25 n3 + 34
q
n−5
6  16 n−56 >
(
37603
0.0220982
+ 2
)
· 230 ·
(
2n − 2
3
)2
· 2 5n12+
√
n
2
and thus inequalities (7.15), (7.16) hold. On the other hand, if w(qn −1) < 30, then q 16 and n 314
implies inequality (7.17) holds. So we only need to reconsider those n  313, which means q  17
and thus w(qn − 1)  157. For w(qn − 1)  157, repeat the above steps as we deal with the case
w(qn − 1)  37634. We ﬁnally get that Conjecture 1.3 does not hold implies n  155. But n  155
implies q < 16. So for q  16 and n > q2, there exists no exception. The sieve process are listed in
Table 16. This ﬁnishes the proof. 
8. Computation III: The case q< 16
In this section, we consider the case q < 16, i.e., q = 2,3,4,5,7,8,9,11,13. We ﬁrst give a more
precise upper bound for ω(xn − 1). To avoid the confusion, we rewrite ωq(xn − 1) to denote the
number of distinct irreducible factors of xn − 1 over Fq .
Lemma 8.1. Let Nq(i) be the number of monic irreducible polynomials of degree i over Fq. Then we have
1. (N2(2), . . . ,N2(11)) = (1,2,3,6,9,18,30,56,99,186);
2. (N3(2), . . . ,N3(7)) = (3,8,18,48,116,312);
3. (N4(2), . . . ,N4(4),N4(5)) = (6,20,60,204);
4. (N5(2), . . . ,N5(4)) = (10,40,150);
5. (N7(2), . . . ,N7(4)) = (21,112,588);
6. (N8(2),N8(3)) = (28,168), (N9(2),N9(3)) = (36,240), (N11(2),N11(3)) = (55,440);
7. N13(2) = 78.
Proof. Just check it. 
Lemma 8.2. Let ωq(xn − 1) be deﬁned as above. Then we have ωq(xn − 1) B1q(xn − 1), B2q(xn − 1), where
B1q(x
n − 1), B2q(xn − 1) are listed in Table 17.
Proof. For i = 1,2, . . . , denote by dq(i), DSq(i) the number of monic irreducible divisors of xn −1 over
Fq of degree i and degree  i respectively and Nq(i) the number of monic irreducible polynomials of
degree i over Fq . Since dq(1) = (n,q − 1) q − 1, dq(i) Nq(i) and DSq(i) (n −∑i−1k=1 kdq(k))/i for
i  2. Then for 1 j  n,
722 S. Fan, X. Wang / Finite Fields and Their Applications 15 (2009) 682–730ωq
(
xn − 1)= j−1∑
i=1
dq(i) + DSq( j) = n
j
+
j−1∑
i=1
( j − i)dq(i)
 n
j
+ ( j − 1)(q − 1)
j
+
j−1∑
i=2
( j − i)Nq(i).
For different q, we choose different j and get the above bounds. Take q = 2 as an example. From
Lemma 8.1, (N2(2), . . . ,N2(11)) = (1,2,3,6,9,18,30,56,99,186), we choose j = 12 and get
ω2
(
xn − 1) n + 921
12
.
This ﬁnishes the proof. 
Lemma 8.3. Suppose that the positive integer h satisfying ω(h) 5204. Then
2ω(h) < h1/14.
Proof. The 5204th prime is 50789. By calculation, the product P = ∏l50789 2
l
1
14
over all primes
l 50789 is less than 0.95 < 1. Since 50789 114 > 2.16 > 2, it is evident that
2ω(h)
h
1
14

∏
l|h
2
l
1
14
 P < 1
and thus the lemma follows. 
We ﬁrst consider the case ω(qn − 1)  5204. From the bound of B1q(xn − 1) of Lemma 8.2, we
assume that ωq(xn − 1)  αn + β . For example, when q = 2, α = 112 , β = 3074 ; when q = 3, α = 18 ,
β = 104.
Proposition 8.4. Let n  15 be a positive integer and q a prime power such that q  13. Suppose
ω(qn − 1) 5204. Then for 1 m < n, there exists a primitive normal polynomial of degree n over Fq with
the mth coeﬃcient prescribed.
Proof. In this case, we check whether inequality (5.8) holds, i.e.,
(
n − 5
6
)
logq > ωq
(
xn − 1)+ ω(qn − 1)+ 2 log(2n − 2
3
)
.
From Lemmas 8.2, 8.3 we only need to check
R(n) =
(
logq
6
− logq
14
− α
)
n − 5
6
logq − 2 log(n − 1) − β − 2+ 2 log3> 0.
If α < 2 logq21 − 2n−1 , then
R ′(n) = 2 logq − 2 − α > 0,
21 n − 1
S. Fan, X. Wang / Finite Fields and Their Applications 15 (2009) 682–730 723Table 18
The case of q < 16, ω(qn − 1) 5204.
α β nq ωq α β nq ωq α β nq ωq
q = 2 112 3074 8615 791 q = 5 15 2765 3773 803 q = 9 14 84 2072 626
q = 3 18 104 4960 731 q = 7 15 8995 3030 783 q = 11 14 145 2125 690
q = 4 16 1412 3987 740 q = 8 14 2454 2381 673 q = 13 13 34 3097 1014
which means R(n) is increasing. For different q, we will choose different α and β according to the
bound of B1q(x
n − 1) of Lemma 8.2 to give different nq such that for n  nq , R(n) > 0, i.e., inequal-
ity (5.8) holds. On the other hand, for those n < nq , we can easily check that ω(qn − 1)ωq < 5204.
Combining the above, Conjecture 1.3 holds for ω(qn − 1)  5204 without exception. We take q = 2
as an example. In this case, from the bound of B1q(x
n − 1) of Lemma 8.2, we can choose α = 112 and
β = 3074 . Obviously, α < 16 − 114 − 2n−1 for n  169. Then R(n) is increasing for n  169. It is easy to
check that
R(8615) > 0,
i.e., inequality (5.8) holds for n  8615. On the other hand, it can be checked that n  8614, q = 2
imply ω(qn − 1) 791 < 5204. So there is no exception in this case. The α, β , nq , ωq of the other q’s
are listed in Table 18. 
Next we consider the case of ω(qn − 1) 5203.
Proposition 8.5. Let n  15 be a positive integer and q a prime power such that q  13. Suppose that
ω(qn − 1)  5203. Denote (n2,n3,n4,n5,n7,n8,n9,n11,n13) = (1364,572,447,480,333,283,257,
237,236). Then for q = 2,3, . . . ,13, if n > nq, there exists a primitive normal polynomial of degree n over
Fq with the mth coeﬃcient prescribed for all 1m < n.
Proof. In this case we consider when inequalities (5.18), (5.19) hold. From the bound of B2q(x
n − 1) of
Lemma 8.2,
1−
s∑
i=s0+1
1
pi
> 0, (8.1)
q
n−5
6 >
(
s − s0 − 1
1−∑si=s0+1 1pi + 2
)
· 2s0+αn+β ·
(
2n − 2
3
)2
(8.2)
implies inequalities (5.18), (5.19). We take q = 2 as an example to illustrate the process.
First we assume ω(qn − 1) 15. Let s0 = 15. So
1−
s∑
i=s0+1
1
pi
 1−
5203∑
i=16
1
P [i] = 0.017006> 0,
where P [i] is the ith prime. From the bound of B2q(xn −1) of Lemma 8.2, choose α = 112 and β = 3074 .
It is easy to check if n 1571, then
q
n−5
6  2 1571−56 >
(
5187
0.017006
+ 2
)
· 2s0+αn+β ·
(
2n − 2
3
)2
,
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The sieve process: q < 16, ω(qn − 1) 5203.
q = 2 (α = 112 , β = 3074 ) q = 3 (α = 16 , β = 653 ) q = 4 (α = 15 , β = 26)
ω s0 n ω s0 n ω s0 n
5203 15 1570 5203 15 760 5203 15 585
186 6 1364 150 5 572 146 5 447
q = 5 (α = 15 , β = 2765 ) q = 7 (α = 13 , β = 11) q = 8 (α = 13 , β = 14)
ω s0 n ω s0 n ω s0 n
5203 15 574 5203 15 469 5203 15 394
163 5 480 161 5 333 147 5 283
q = 9 (α = 13 , β = 523 ) q = 11 (α = 13 , β = 25) q = 13 (α = 13 , β = 34)
ω s0 n ω s0 n ω s0 n
5203 15 353 5203 15 314 5203 15 302
141 5 257 138 5 237 141 5 236
and thus inequalities (8.1), (8.2) hold. On the other hand, if ω(qn − 1)  14, then n  1571 implies
inequality (5.8) holds. Next we continue to consider the case n 1570 which implies ω(qn −1) 186.
Repeat the above steps as we deal with the case ω(qn − 1) 5203. Finally we get that Conjecture 1.3
does not hold implies n  1364. The other cases are similar and the process of the sieve techniques
are listed in Table 19. This ﬁnishes the proof. 
Next we continue to consider the remaining cases, i.e., n  nq for q = 2,3, . . . ,13. Let nq, jq be
positive integers, l0(n,q, jq,nq) be the number of all distinct irreducible factors of xn − 1 over Fq of
degree  jq for n nq , l0(n,q, jq) be the number of all distinct irreducible factors of xn −1 over Fq of
degree  jq , dq(i) be the number of monic distinct irreducible divisors of xn − 1 of degree i over Fq .
We ﬁrst give an upper bound of l0(n,q, jq,nq), l0(n,q, jq) for our later use.
Lemma 8.6. Let nq, jq , l0(n,q, jq,nq), l0(n,q, jq) be deﬁned as above. Then we have
1. l0(n,2,7,1364) 16 if 127  n; l0(n,2,7,1364) 24, l0(n,2,6,254) = 1 if 127|n.
2. l0(n,3,4) 6 if n is odd; l0(n,3,4,572) 23 if n is even.
3. l0(n,4,3) 11 if 7  n; l0(n,4,3) 29 if 7|n.
4. l0(n,5,3) 14 if 31  n; l0(n,5,3,480) 48, l0(n,5,2) 14 if 31  n.
5. l0(n,7,2) 3 if 2  n; l0(n,7,2) 15 if 2|n,48  n; l0(n,7,2) = 27 if 48|n.
6. l0(n,8,2) 5 if 7  n; l0(n,8,2) 7 if 7|n,3  n; l0(n,8,2) 35 if 21|n.
7. l0(n,9,2) 3 if 2  n; l0(n,9,2) 12 if 2|n,5  n; l0(n,9,2) 44 if 10|n.
8. l0(n,11,2) 10, l0(n,11,1) 5 if 2  n; l0(n,11,2) 13, l0(n,11,1) 2 if 2|n,5  n; l0(n,11,2) 65,
l0(n,11,1) = 10 if 10|n.
9. l0(n,13,2) 12, l0(n,13,1) 3 if 2  n; l0(n,13,2) 30, l0(n,13,1) 4 if 2|n,3  n; l0(n,13,2) 90,
l0(n,13,1) 12 if 6|n.
Proof. We will deal with the case q = 2,3,4,5,7,8,9,11,13 respectively.
1. q = 2. Then q2 − 1 = 3, q3 − 1 = 7, q4 − 1 = 15, q5 − 1 = 31, q6 − 1 = 63, q7 − 1 = 127. Suppose
that 127  n, 31  n. Then d2(5) = d2(7) = 0. So l0(n,2,7,1364) 1+ N2(2)+ N2(3)+ N2(4)+ N2(6) =
16. Suppose that 31|n. Then 1364/31  44, so 127  n, (n,63)  21 and thus d2(7) = 0, d2(6) 2. In
this case, l0(n,2,7,1364) 1+ 1+ 2+ 3+ 6+ 2+ 0 15. Suppose that 127|n. Then 1364/127 < 11.
So d2(4) 1, d2(6) 1, d2(5) = 0. In this case, l0(n,2,7,1364) 1+ 1+ 2+ 1+ 0+ 1+ 18 24. For
n = 127,254, d2(1) = 1, d2(2) = d2(3) = d2(4) = d2(5) = d2(6) = 0 and thus l0(n,2,6,254) = 1.
2. q = 3. Then q2−1 = 8, q3−1 = 26, q4−1 = 80. Suppose that n is odd. Then d3(1) = 1, d3(2) = 0,
d3(3)  4, d3(4)  1 and thus l0(n,3,4)  6. Suppose that n is even. First we consider the case n ≡
0 mod 16. In this case, d3(1) = 2, d3(2) = 3 and 572/16 < 36. So 13|n, 5|n cannot both hold. If 13  n,
then d3(3) = 0,d3(4) 18, and thus l0(n,3,4,572) 23. If 5  n, then d3(3) 8, d3(4) = 2, and thus
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The possible exceptions of q 13, n 15.
q n
2 [15,82], [84,88], [90,93],96,98,99,100,102,105,108,120
3 [15,52],54,56,60,64,72
4 [15,42],44,45,47,48,51,54,60
5 [15,36],38,40,42,44,48
7 [15,30],32,36,48
8 [15,24],26,27,28,30,35
9 [15,24],26,30,32,40
11 [15,18],20,21,24,26,30
13 [15,18],20,21,24,36
l0(n,3,4,572)  15. We next consider the case n is even, 16  n. In this case d3(1) = 2, d3(2)  3,
d3(3) 8, d3(4) 8 and thus l0(n,3,4,572) 21. Combining the above we have l0(n,3,4,572) 23
for even n.
3. q = 4. Then q2 −1= 15, q3 −1 = 63. Suppose n = 0 mod 7. Then d4(1) 3, d4(2) 6, d4(3) 2
and thus l0(n,4,3)  11. Suppose n ≡ 0 mod 7. Then d4(1)  3, d4(2)  6, d4(3)  20 and thus
l0(n,4,3) 29.
4. q = 5. Then q2 − 1 = 24, q3 − 1= 124. Suppose 31  n. Then d5(1) 4, d5(2) 10, d5(3) = 0 and
thus l0(n,5,3)  14. Suppose 31|n. If 124|n, then 480/124 < 4. So d5(1) = 4, d5(2)  4, d5(3) = 40
and thus l0(n,5,3,480)  48. Else if 31|n, 4  n, then d5(1)  2, d5(2)  2, d5(3)  20 and thus
l0(n,5,3,480) 24. In both cases, l0(n,5,3,480) 48 if 31|n. Further l0(n,5,2) 4+ 10 = 14.
5. q = 7. Then q − 1 = 6, q2 − 1 = 48. Suppose that n is odd. Then d7(1)  3, d7(2) = 0 and thus
l0(n,7,2)  3. Suppose that 2|n, 48  n. Then d7(1)  6, d7(2)  9 and thus l0(n,7,2)  15. Suppose
that 48|n, then d7(1) = 6, d7(2) = 21 and thus l0(n,7,2) 27.
6. q = 8. Then q − 1 = 7, q2 − 1 = 63. Suppose that 7  n. Then d8(1) = 1,d8(2)  4 and thus
l0(n,8,2) 5. Suppose that 7|n, 3  n. Then d8(1) = 7, d8(2) = 0 and thus l0(n,8,2) = 7. Suppose that
21|n. Then l0(n,8,2) 7+ 28 = 35.
7. q = 9. Then q − 1 = 8, q2 − 1 = 80. Suppose that 2  n. Then d9(1) = 1,d9(2)  2 and thus
l0(n,9,2)  3. Suppose 2|n, 5  n. Then d9(1)  8, d9(2)  4 and thus l0(n,9,2)  12. Suppose that
10|n. Then d9(1) 8, d9(2) 36 and thus l0(n,9,2) 44.
8. q = 11. Then q − 1 = 10, q2 − 1 = 120. Suppose that 2  n. Then d11(1)  5,d11(2)  5 and
thus l0(n,11,2)  10, l0(n,11,1)  5. Suppose that 2|n, 5  n. Then d11(1)  2, d11(2)  11 and
thus l0(n,11,2)  13, l0(n,11,1)  2. Suppose that 10|n. Then d11(1) = 10, d11(2)  55 and thus
l0(n,11,2) 65, l0(n,11,1) 10.
9. q = 13. Then q − 1 = 12, q2 − 1 = 168. Suppose that 2  n. Then d13(1)  3, d13(2)  9 and
thus l0(n,13,2)  12, l0(n,13,1)  3. Suppose that 2|n,3  n. Then d13(1)  4, d13(2)  26 and thus
l0(n,13,2) 30, l0(n,13,1) 4. Suppose 6|n. Then d13(1) 12, d13(2) 78 and thus l0(n,13,2) 90,
l0(n,13,1) 12.
This ﬁnishes the proof. 
Theorem 8.7. Let n 15 be a positive integer and q a prime power such that q 13. Then for any 1m < n,
there exists a primitive normal polynomial of degree n over Fq with the mth coeﬃcient prescribed except the
following possible (q,n) pairs listed in Table 20, where [n1,n2] denotes all n1  n n2 .
Proof. From Propositions 8.4 and 8.5, for q = 2,3, . . . ,13, we only need to consider the case n  nq ,
where (n2,n3,n4,n5,n7,n8,n9,n11,n13) = (1364,572,447,480,333,283,257,237,236). In this case,
we will check when inequalities (5.14), (5.15) hold. For any given positive integer jq , let M0 be the
product of all distinct monic irreducible factors of degree  jq of xn − 1, DS jq+1 the number of all
distinct monic irreducible factors of degree  jq + 1 of xn − 1 over Fq . Next we deal with the case
q = 2,3, . . . ,13 respectively.
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The sieve process of q = 2,3,4,5, n nq .
q = 2, n 1364
n = 0 mod 127 n ≡ 0 mod 127
ω s0 jq l0 n ω s0 jq l0 n
166 32 7 16 481 89 2 7 24 254
71 5 7 16 287 3 0 6 1 127
47 4 7 16 267 1 0 6 1 126
q = 3,n 572
n = 0 mod 2 n ≡ 0 mod 2
ω s0 jq l0 n ω s0 jq l0 n
119 14 4 6 177 119 14 4 23 246
47 4 4 6 123 60 5 4 23 200
35 4 4 6 119 51 4 4 23 194
q = 4,n 447
n = 0 mod 7 n ≡ 0 mod 7
ω s0 jq l0 n ω s0 jq l0 n
117 12 3 11 150 117 12 3 29 203
49 4 3 11 114 62 5 3 29 175
39 4 3 11 111 55 4 3 29 168
q = 5,n 480
n = 0 mod 31 n ≡ 0 mod 31
ω s0 jq l0 n ω s0 jq l0 n
141 7 3 14 121 141 7 3 48 186
47 4 3 14 104 65 14 2 14 124
41 4 3 14 102 48 6 2 14 93
1. Suppose q = 2. In this case, we consider n n2 = 1364.
• Suppose that 127  n. In this case, ω(qn − 1) 166. Choose j2 = 7. From Lemma 8.6, l0  16 and
DS j2+1 = l − l0   n2j2+1  =  13648  = 170. Suppose ω(qn − 1)  32. Let s0 = 32. Since 2  2n − 1,
then
1−
s∑
i=s0+1
1
pi
−
l∑
i=l0+1
1
qdeg Mi
 1−
167∑
i=34
1
P [i] −
170
q j2+1
= 0.0114638> 0,
where P [i] is the ith prime. It is easy to check that if n 482,
q
n−5
6 >
(
303
0.0114638
+ 2
)
· 2s0+l0 ·
(
2n − 2
3
)2
and thus the inequalities (5.14), (5.15) hold. On the other hand, if ω(qn − 1) < 32, then n  482
implies the inequalities (5.16), (5.17) hold. Combining the above, Conjecture 1.3 holds for n 482.
Next we continue to consider the case n  481 which implies ω(qn − 1) 71. Repeat the above
steps as we deal with the case ω(qn −1) 166. We ﬁnally get that n 268 implies Conjecture 1.3
holds. The sieve process are listed in Table 21.
• Suppose that 127|n. In this case, n = 127 · k, k = 1,2, . . . ,10. So all prime divisors of 2n − 1 are
either the prime divisors of 2k − 1, or the form 254k+ 1. It is easy to check that all prime factors
of 2k − 1,1 k 10 are 3,5,7,11,17,31,73,127 and
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82 primes
> 21270 − 1,
where 509, . . . ,106681 are the ﬁrst 82 primes of the form 254k + 1. So n  1270 implies
ω(qn − 1) 89. We ﬁrst choose j2 = 7, then l0  24 and l − l0   12708  = 158. Suppose
ω(qn − 1) 2. Let s0 = 2, then
1−
89∑
i=3
1
pi
−
l∑
i=l0+1
1
qdeg Mi
 1−
89∑
i=3
1
P ′[i] −
158
28
= 0.030851> 0,
where P ′[i] is the ith prime of 3,5,7,11,17,31,73,127,509, . . . ,106427. It can be checked that
if n 381,
q
n−5
6 
(
244
0.030851
+ 2
)
· 2s0+l0 ·
(
2n − 2
3
)2
and thus the inequalities (5.14), (5.15) hold. On the other hand, if ω(qn − 1) < 2, then n  381
implies the inequalities (5.16), (5.17) hold. Next we consider the case n  254, i.e., n = 127,254.
In this case, choose j2 = 6 and M0 be the product of all monic irreducible factors of degree
 j2 (= 6) of xn −1. From Lemma 8.6, l0 = 1 and l− l0   2547  = 36. On the other hand, factoring
qn − 1 we can check ω(2127 − 1) = 1 and ω(2254 − 1) = 3. Choose s0 = 0, we ﬁnally get that
inequalities (5.14), (5.15) hold for n = 127,254. The sieve process are listed in Table 21.
2. Suppose q = 3. In this case, let j3 = 4. We use the sieve techniques as we deal with the case
q = 2, 127  n. We ﬁnally get that Conjecture 1.3 holds for n > 119, n odd and n > 194, n even. The
sieve process are listed in Table 21.
3. Suppose q = 4. In this case, let j4 = 3. We use the sieve techniques as we deal with the case
q = 3. We ﬁnally get that n > 111, 7  n and n > 168, 7|n implies Conjecture 1.3 holds. The sieve
process are listed in Table 21.
4. Suppose q = 5. In this case, we ﬁrst choose j5 = 3 and use the sieve techniques to get that
n > 121, 31  n and n > 186, 31|n implies Conjecture 1.3 holds. For n 121, 31  n, we continue to use
the sieve techniques to get that n > 102 implies Conjecture 1.3 holds. For n 186, 31|n, let j5 = 2, M0
be the product of distinct irreducible factors of xn − 1 over F5 of degree  j5(= 2). From Lemma 8.6,
l0(n,5,2)  14. Use the sieve techniques to check whether the inequalities (5.14), (5.15) hold. We
ﬁnally get that for 31|n, n > 93, Conjecture 1.3 holds. The sieve process are listed in Table 21.
5. Suppose q = 7. Let j7 = 2. We use the sieve techniques to get that for n > 59, 2  n, n > 88, 2|n,
48  n and n > 96, 48|n, Conjecture 1.3 holds. The sieve process are listed in Table 22.
6. Suppose q = 8. We choose j8 = 2 and use the sieve techniques to get that for n > 59, 7  n,
n > 56, 7|n, 21  n and n > 126, 21|n, Conjecture 1.3 holds. The sieve process are listed in Table 22.
7. Suppose q = 9. We choose j9 = 2 and use the sieve techniques to get that for n > 51, n odd,
n > 68, n even, 10  n and n > 130, 10|n, Conjecture 1.3 holds. The sieve process are listed in Ta-
ble 22.
8. Suppose q = 11. We deal with the case n odd, the case n even, 10  n and the case 10|n re-
spectively and only take the case 10|n as an example. We ﬁrst choose j11 = 2, then l0(n,11,2) 65.
Let s0 = 5. We can easily check that the inequalities (5.14), (5.15) hold for n > 160. For n  160, let
j11 = 1 and M0 be the product of distinct irreducible factors of xn −1 over F11 of degree  j11 (= 1),
then l0(n,11,1)  10. Choose s0 = 20. We can check that n > 90 implies inequalities (5.14), (5.15)
hold. For n  90, repeat the above steps and we ﬁnally get that n > 70 implies Conjecture 1.3 holds.
The other cases are similar and the sieve process are listed in Table 22. We ﬁnally get that for n > 53,
n odd, n > 48, n even, 10  n and n > 70, 10|n, Conjecture 1.3 holds.
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The sieve process of q = 7,8,9,11,13, n nq .
q = 7, n 333
2  n 2|n, 48  n 48|n
ω s0 jq l0 n ω s0 jq l0 n ω s0 jq l0 n
122 10 2 3 81 122 10 2 15 108 122 10 2 27 96
40 4 2 3 59 49 4 2 15 88
q = 8, n 283
7  n 7|n, 3  n 21|n
ω s0 jq l0 n ω s0 jq l0 n ω s0 jq l0 n
112 7 2 5 72 112 7 2 7 70 112 7 2 35 126
38 4 2 5 59 37 3 2 7 56
q = 9, n 257
n = 0 mod 2 n ≡ 0 mod 2, 5  n n ≡ 0 mod 10
ω s0 jq l0 n ω s0 jq l0 n ω s0 jq l0 n
109 6 2 3 61 109 6 2 12 78 109 6 2 44 140
35 4 2 3 51 42 4 2 12 68 67 4 2 44 130
q = 11, n 237
n = 0 mod 2 n ≡ 0 mod 2, 5  n n ≡ 0 mod 10
ω s0 jq l0 n ω s0 jq l0 n ω s0 jq l0 n
109 5 2 10 67 109 5 2 13 72 109 5 2 65 160
40 4 2 10 59 42 4 2 13 66 80 20 1 10 90
36 5 1 5 53 40 5 1 2 48 51 6 1 10 70
q = 13, n 236
n = 0 mod 2 n ≡ 0 mod 2, 3  n n ≡ 0 mod 6
ω s0 jq l0 n ω s0 jq l0 n ω s0 jq l0 n
115 5 2 12 67 115 5 2 30 98 115 5 2 90 198
42 3 2 12 61 57 6 1 4 52 100 17 1 12 90
39 5 1 3 47 35 5 1 4 46 53 5 1 12 66
Table 23
The choice of (s0, l0) for only factoring xn − 1, q 13.
q n (s0, l0) q n (s0, l0)
2 189,210,252 (5,3) 7 96 (5,12)
2 256 (5,1) 8 43,47,48,50 (4,0)
3 112,120,144,156,168,176,182,184,192 (5,3) 8 84,105 (5,6)
3 160 (5,5) 8 126 (5,19)
4 78,81,84 (3,3) 9 43,45,47 (4,0)
4 74,77 (3,1) 9 64,100 (4,6)
4 73 (5,0) 9 120 (5,8)
4 105,126,147,168 (5,5) 11 37,39,41,42,44 (4,0)
5 76,80,84,88,92,100,104 (5,3) 11 70 (5,7)
5 96 (5,6) 13 34,38,39,41 (4,0)
7 49,53 (5,0) 13 60 (5,8)
7 66 (5,4) the remaining cases (5,2)
7 72,78,84,90 (5,5)
9. Suppose q = 13. Similarly as the case q = 11, we use the sieve techniques to get that for n > 47,
n odd, n > 46, n even, 6  n, and n > 66, 6|n, Conjecture 1.3 holds. The sieve process are listed in
Table 22.
For the possible exceptions listed in Tables 21 and 22, i.e., q = 2 (n 267, 127  n), q = 3 (n 119
for odd n, n 194 for even n), q = 4 (n 111 for 7  n, n 168 for 7|n), q = 5 (n 102), q = 7 (n 59
for odd n, n  88 for even n, n = 96), q = 8 (n  59, n = 63,84,105,126), q = 9 (n  51 for odd n,
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The possible exceptions of q 13 after only factoring xn − 1.
q = 2 n 170
q = 3 n 99, n = 104
q = 4 n 72, n = 75,90
q = 5 n 66, n = 68,72
q = 7 n 48, n = 50,51,54,60
q = 8 n 42, n = 44,45,49,56,63
q = 9 n 42, n = 44,48,56,80
q = 11 n 36, n = 38,40,45,50,60
q = 13 n 33, n = 35,36,42,48
Table 25
The choice of (s0, l0) for the possible remaining cases, q 13.
(q,n) S-P N-P Z-P (q,n) S-P N-P Z-P
(s0, l0) (s0, l0) (s0, l0) (s0, l0) (s0, l0) (s0, l0)
(2,89) (5,5) (5,5) (1,1) (7,54) (2,1) (1,1) (2,1)
(2,94) (1,1) (5,5) (1,1) (7,60) (3,1) (2,1) (4,1)
(2,95) (5,5) (1,1) (1,1) (8,25) (1,1) (0,0) (1,1)
(2,126) (1,1) (1,2) (1,1) (8,32) (1,0) (1,1) (1,1)
(2,168) (2,1) (2,1) (2,1) (8,42) (2,2) (2,2) (2,2)
(3,55) (1,1) (0,0) (1,1) (8,56) (2,2) (2,2) (2,2)
(3,57) (1,1) (5,5) (1,1) (8,63) (2,2) (2,3) (3,3)
(3,58) (1,1) (3,5) (1,1) (9,25) (1,1) (0,0) (1,1)
(3,66) (1,1) (0,1) (1,1) (9,27) (1,1) (0,0) (1,1)
(3,80) (2,1) (1,2) (1,2) (9,28) (1,1) (0,0) (1,1)
(3,96) (3,1) (3,1) (3,1) (9,48) (4,1) (4,1) (4,1)
(4,43) (1,1) (0,1) (1,1) (9,56) (4,1) (4,1) (4,1)
(4,50) (2,2) (1,1) (1,1) (9,80) (4,3) (4,4) (4,4)
(4,63) (1,1) (1,3) (2,2) (11,19) (1,0) (0,0) (0,0)
(4,66) (2,2) (1,1) (2,2) (11,22) (2,0) (0,0) (1,0)
(4,72) (2,2) (1,1) (2,2) (11,23) (1,0) (1,0) (0,0)
(4,75) (1,1) (2,2) (2,2) (11,25) (1,1) (0,0) (1,1)
(4,84) (2,2) (1,1) (2,2) (11,40) (2,1) (1,1) (3,2)
(4,90) (2,3) (2,3) (2,3) (11,48) (2,1) (1,1) (2,1)
(5,39) (1,1) (0,0) (0,0) (11,50) (5,2) (1,1) (5,2)
(5,52) (1,1) (1,1) (1,2) (11,60) (5,2) (5,2) (5,3)
(5,56) (1,1) (1,1) (1,2) (13,26) (1,0) (1,1) (1,1)
(5,60) (4,1) (2,2) (4,1) (13,28) (2,1) (1,1) (2,0)
(5,64) (1,1) (1,1) (1,2) (13,30) (2,1) (1,1) (2,2)
(5,68) (1,1) (1,1) (1,2) (13,40) (2,1) (1,1) (2,1)
(5,72) (4,1) (2,3) (3,3) (13,42) (1,1) (1,1) (2,2)
(7,33) (1,1) (0,1) (1,1) (13,44) (1,1) (1,1) (2,2)
(7,42) (2,1) (1,1) (2,1) (13,48) (4,1) (2,1) (4,1)
the remaining cases (1,1) (1,1) (1,1)
n  68 for even n, n = 70,80,90,100,110,120,130), q = 11 (n  53 for odd n, n  48 for even n,
n = 50,60,70), q = 13 (n 47, n = 48,54,60,66), we factor xn − 1 over Fq (easy) and choose (s0, l0)
as listed in Table 23 to check whether the inequalities (6.13), (6.14) hold. We ﬁnally get that for
1m < n, there exists a primitive normal polynomial of degree n with the mth coeﬃcient prescribed
except the possible (q,n)’s listed in Table 24.
For the remaining possible exceptions listed in Table 24, let B, B0 be deﬁned as before (in Propo-
sition 5.3) and choose (s0, l0) as listed in Table 25. For 1 m < B , a = 0 and the case 1 m < B0,
a = 0, we factor qn − 1 and M to check whether the inequalities (6.13), (6.15) hold. For the case
B m < n, a = 0, we factor Q and xn −1 to check whether the inequalities (6.13), (6.16) hold. For the
case B0 m < n, a = 0, we factor qn − 1 and xn − 1 to check whether the inequalities (6.13), (6.17)
hold. We ﬁnally get that for n 15, q 13, and 1m < n, there exists a primitive normal polynomial
of degree n with the mth coeﬃcient prescribed except the possible (q,n)’s listed in Table 20, where
[n1,n2] denote all n1  n n2. This ﬁnishes the proof. 
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For all the remaining possible exceptions (q,n,m,a)’s listed in Tables 2, 8, 11 and 20, we ﬁnd a
primitive normal polynomial of degree n over Fq with the mth coeﬃcient prescribed as a by computer
search. So we get the following main result.
Theorem 9.1. Assume that n 15. Then Conjecture 1.3 holds, i.e., for any prime power q, any positive integer
1 m < n and any element a ∈ Fq, there exists a primitive normal polynomial f (x) = xn − σ1xn−1 + · · · +
(−1)n−1σn−1x+ (−1)nσn with σm = a, except that (m,a) = (1,0).
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